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Abstract. Conformal blocks for the WZW model on tori can be represented by vec- 
tor valued Weyl anti-symmetric theta functions on the Cartan subalgebra satisfying 
vanishing conditions on root hyperplanes. We introduce a quantum version of these 
vanishing conditions in the sh case. They are compatible with the qKZB equations 
and are obeyed by the hypergeometric solutions as well as by their critical level coun- 
terpart, which are Bethe eigenfunctions of IRF row-to-row transfer matrices. In the 
language of IRF models the vanishing conditions turn out to be equivalent to the sh 
fusion rules defining restricted models. 

1. Introduction 

This paper has two motivations: to understand quantization of vanishing conditions 
for conformal blocks on tori and to construct eigenvectors of row-to-row transfer matrices 
of restricted interaction-round-a-face models in statistical mechanics. 

The Knizhnik-Zamolodchikov-Bernard equations are a system of differential equations 
arising in conformal field theory on Riemann surfaces. For each g,n G Z> , a simple 
complex Lie algebra q , n highest weight g -modules Vi and a complex parameter k, we 
have such a system of equations. In the case of genus g — 1, they have the form 

(1) «v = - E h * )9 *» v + E < z 3 - A ' r ) 

(2) 4mKd T v = A x v + ^Y^ s ( z ' A > i~) {i ' j) v. 

i,3 
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The unknown function v takes values in the zero weight space V[0] = n xe f,Ker(a;) of 
the tensor product V — V\ ® • • • ® V n with respect to the Cartan subalgebra f) of q . It 
depends on variables z±, z n G C, modulus r of the elliptic curve and A = Yl X v h v G f) , 
where (h u ) is an orthonormal basis of (j with respect to a fixed invariant bilinear form. 
The notation a;W for x G End (V^) or x G g means l®---(g);E®---Cg)l. Similarly 
denotes the action on the i-th and j-th factors of x G End (V^ ® Vj). In the equation, 
r, s G Q ® g are suitable given tensor valued functions. 

The KZB equations can be viewed as equations for horizontal sections of a connection 
with fiber over z%, z n , r being the space of functions of A. If k is an integer not less 
than the dual Coxeter number h y of q , Vi are irreducible representations with highest 
weights Aj, (8, Aj) < k — h v with 9 being the highest root, then the connection has an 
invariant finite dimensional subbundle of conformal blocks coming from conformal field 
theory. The fiber over [z\, z n , r) of the subbundle of conformal blocks consists of 
holomorphic functions of A obeying the following three conditions |[FG|| , |[FW|| , ||EFK| . 



I. The functions v (A) are \^[0]-valued theta functions. Namely, v (A) are periodic with 
respect to the coroot lattice Q w and 

v (\ + qr ) = e -^<m)-^{ q ,\)+2^Y. 3 q U) z 3v ^ x ^ Vg e QV 

II. The functions v(X) are anti-symmetric with respect to the standard action of the 

Weyl group of q on V[0]- valued functions of A G I) , 
III. The functions v(X) satisfy the vanishing conditions. Namely, for all roots a, integers 
r, s,l, I > 0, and ( 6g a , where Q a is the root space corresponding to a, we have 



^msz^u) y v = ((a(X) -r-sr) 

3=1 

as a(A) — > r + sr. 

In 0, an elliptic quantum group E TiV (g) was introduced and a difference version of 
the KZB equations (|1|) was defined. Later a difference version of the KZB heat equation 
(0) was suggested in [|KV3|| . For the case g = s/2 considered in this paper, the quantum 



Knizhnik-Zamolodchikov-Bernard equations are linear difference equations with step 
p G C on a ^[Oj-valued function v(zi, z n , A, r) of the form 

(3) 

v(zi,... } Zj+p } z n ,\r) = K j (z 1 ,...,z n ,T,p,r))v(z 1 ,...,z n ,\,r), j = l,...,n, 

where the linear operators Kj are defined in terms of R-matrices of the elliptic quan- 
tum group E Tjf) (sl2). More precisely, the space V is endowed with an i? TiT? (sZ2)-module 
structure depending on (zi, z n ) and denoted V\(zi) <g> ... <g> V n (z n ), and the operators 
are defined in terms of this module structure. The difference version on the KZB heat 
equation (0) has the form 

(4) v(z 1 ,...,z n ,r) = T(z 1 ,...,z n ,T,p,r])v(z 1 ,...,z n ,\,T + p) 
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for a suitable linear operator T, but we do not consider the qKZB heat equation in this 
paper. 

In the semiclassical limit p, rj — > with p/r] = —2k fixed, the qKZB equations and the 
qKZB heat equation turn into the corresponding differential equations. 

In |[FTV2|| , ||MV|| , hypergeometric solutions of the qKZB equations we constructed. 
In [ FV3 ] , under certain conditions, it was shown that all solutions of the qKZB equations 



are sums of the hypergeometric solutions. Under the same conditions it was shown that 
the hypergeometric solutions also satisfy the qKZB heat equation (|j). 

The qKZB equations (^) can be viewed as equations for horizontal sections of a discrete 
connection with fiber over (z\, z n ) being the space of functions of A 

The problem is to find difference analogs of Conditions I-III for conformal blocks in 
conformal field theory. The difference analog of Condition I is indicated in Section 6.5 



of |[FT V2|| , it is a theta function property analogous to I. It is not difficult to describe 
a difference analog of Condition II. In Section ^ we consider the case when all Vi are 
finite dimensional irreducible sl 2 modules. In this case we introduce an action of the 
Weyl group on V[0] and show that the qKZB operators commute with this action, thus 
allowing us to consider the Weyl anti-symmetric solutions. 

Our first main motivation was to find an analog of vanishing conditions III for Weyl 
anti-symmetric solutions of the qKZB equations. It turns out that each coordinate of a 
Weyl anti-symmetric hypergeometric solution of the qKZB equations is equal to zero at a 
special set of values of A depending on the f) -weight of the coordinate. This set of special 
values of A is described in terms of fusion rules of sl 2 , see Section [R]. We show in Section 
[8] in the simplest nontrivial case that the semiclassical limit of the vanishing conditions 
for solutions of the qKZB equations is the vanishing condition III for conformal blocks. 

Now we shall formulate the vanishing conditions in a special case. For % — 1, ...n, let Vi 
be the irreducible two dimensional representations of sl 2 with the standard weight basis 
e[l],e[— 1]. For an even n, the zero weight space V^[0] is nontrivial. Any VfOj-valued 
function has the form u = ^ « mir . ]ra „ e[mi] (g) ... <g> e[m n ] where mi + ... + m n = and 
are scalar functions. 



.rrir. 



Theorem 1. Let u(z\, z n , A) be a Weyl anti-symmetric V[0}-valued hypergeometric 
solution of the qKZB equations and u miy ..^ mn (z\, z n , A) one of its coordinates. Form 
a sequence of integers E 1 , ...,£" where E J = m\ + ... + rrij. Then for a non-negative 
integer k, we have u mu _ imn (zx, z n , 2r]k) = 0, if at least one of the integers — E 1 + 
k, — E n + k is not positive, and u mi ^ mn {z\, z n , —2r]k) = 0, if at least one of the 
integers E 1 + k, E™ + k is not positive. 

Fix (zi, z n ) G C n . Consider the S T) ^(s/2)-niodule Vi(zi) <g> ... <g> V n (z n ), where all Vi 
are two dimensional irreducible sl 2 modules. For any complex number w, one defines a 
second order difference operator 



T(w)f(X) = A(w,X)f(X-2 V ) + D(w,X)f(X + 2 V ) 
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acting on the space of V[0]-valued meromorphic functions of A and called the transfer 
matrix, see Section |11.6| . Here A, D : V[0] —>■ V[0] are linear operators meromorphically 
depending on u>, A. The transfer matrices commute for different values of w. In [ |FV2| 



we introduced an algebraic Bethe ansatz and constructed common eigenfunctions of 
the transfer matrices. The Bethe eigenfunctions are holomorphic functions of A. The 
transfer matrices commute with the action of the Weyl group on V[0]. Thus anti- 
symmetrization of a Bethe eigenfunction produces a holomorphic Weyl anti-symmetric 
common eigenfunction of the transfer matrices. In Section |11.6| we show that the Weyl 
anti-symmetric Bethe eigenfunctions obey the following vanishing conditions. 

Theorem 2. Let u(X) be a Weyl anti- symmetric Bethe eigenfunction and u mi ,..., m „(A) 
one of its coordinates. Form a sequence of integers S 1 , S n where S- 7 = rrij + ... + m n . 
Then for a non-negative integer k, we have u mi ^__ >mn (2r]k) = 0, if at least one of the 
integers — X 1 + k, — S ra + k is not positive, and u mi ^ mn (zi, ...,z n , —2r]k) = 0, if at 
least one of the integers E 1 + k, S ra + k is not positive. 

For fieC, let = {2r}(ji + j) \ j G Z} and let -7>(y[0]) be the space of K[0]-valued 
functions on C^. For generic /i, the transfer matrices act on JF M (V[0]) and are well 
defined. The restriction of Bethe eigenfunctions to C M give common eigenfunctions. The 
case fj, = and 2r] = 1/N for a natural number N is of special interest. Although the 
transfer matrices are not well defined on whole .7-^=0 (V^fO]), if one considers the finite 

dimensional subspace of V[0]- valued function on Cj^l = {2rjj \j = 1, N— 1}, then the 
the restriction of the transfer matrices to this subspace is well defined and the transfer 
matrices commute for different values of w. The resulting commuting linear operators on 
this finite dimensional space are called the row-to-row transfer matrices of the restricted 



interaction-round-a-face model in statistical mechanics considered in ABF 



Our second main motivation was to construct common eigenvectors of the row-to-row 
transfer matrices. In Section |12.5| we show that the restriction of a Weyl anti-symmetric 
Bethe eigenfunction to Cj^l is a common eigenvector of the row-to-row transfer matrices. 
The vanishing conditions of Theorem ^ play the decisive role in the proof. 

Thus, our two main results, the quantization of vanishing conditions for conformal 
block on tori and the construction of eigenvectors for restricted models, display another 
connection between conformal field theory and statistical mechanics. 

The paper is organized as follows. We begin by introducing the notion of R-matrices 
and the qKZB equations in Section |[ In Section |3| we give a geometric construction of R- 
matrices as transition matrices between special bases in suitable spaces of functions. The 
elements of those bases are called the weight functions. The weight functions are central 
objects of this paper. In Section |3| we prove resonance relations for weight functions, the 
relations which form the ground for all variants of vanishing conditions in this paper. 

In Section |] we study poles of the R-matrices and relations for their matrix coefficients. 
In Section |5| we describe the hypergeometric solutions of the qKZB equations. Section 
|6] is devoted to resonance relations for solutions of the qKZB equations with values in a 
tensor product of Verma modules. In Section |7| we show that the resonance relations are 
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necessary and sufficient conditions for a holomorphic function of A remain holomorphic 
under the action of the qKZB operators and the R-matrices permuting tensor factors. 

In Section [8] we consider the semiclassical limit of the resonance relations in the sim- 
plest nontrivial case. 

In Section [5] we introduce an action of the Weyl group and show that the action 
commutes with the qKZB operators. In Section [ITj we prove the vanishing conditions 
for Weyl anti-symmetric hypergeometric solutions of the qKZB equations with values 
in a tensor product of finite dimensional irreducible representations and formulate the 
result in terms of s/2 fusion rules. Notice that the KZB differential equations ([I]), (0) 
have singularities at the hyperplanes a (A) = r + sr, r, s G Z. In [ b'V5 |, it was shown that 
meromorphic solutions of the KZB equations obeying Condition II obey also Condition 
III. In the same spirit the vanishing conditions are, for Weyl anti-symmetric functions, 
consequences of resonance relations, which are necessary and sufficient conditions for a 
holomorphic function of A to remain holomorphic after acting with the qKZB operators 
Ki and with the R-matrices permuting tensor factors. 

In Section [ll] we study vanishing conditions for Bethe ansatz eigenfunctions, the results 
are formulated in terms of s/2 fusion rules and for special values of parameters in terms 
of U q (sl2) fusion rules where q is a root of unity. In Section [12] we construct eigenvectors 
of restricted interaction-round-a-face models. 



2. R- MATRICES, QKZB equations 

2.1. .R-matrices. The qKZB equations are given in terms of .R-matrices of elliptic quan- 
tum groups. In the s/2 case, these .R-matrices have the following properties. Let rj = Ch 
be a one-dimensional Lie algebra with generator h. For each A 6 C consider the f)- 
module V A = ©°^ Cej, with hej = (A — 2j)ej. For each pair A 1; A 2 of complex numbers 
we have a meromorphic function, called the R- matrix, R AltAi (z, A) of two complex vari- 
ables, with values in End (V Al <8> V\ 2 ). 

The main properties of the .R-matrices are 

I. The zero weight property: for any Aj, z, A, [R AltA2 (z, A), h^ 1 ' + h^] = 0. 
II. For any A 1; A 2 , A 3 , the dynamical Yang-Baxter equation 

R AlM (z, A - 2^ 3 ))( 12 )i? AliA3 (; Z + w, \)WR A2M (w, A - 2^«)( 23 ) 

= R A2M (w, \)WR AlM (z + w,X- 2 v h^)^R AlM (z, A)< 12 >, 

holds in End (V Al <8> V A , 2 ® V Aa ) for all z, w, A. 
III. For all Ai, A 2 , z, A, R Al>A2 (z, \)( 12) R Ai:Al (-z, A) (21) = Id. This property is called 
the "unitarity". 

We use the following notation: if X E End (V^), then we denote by X™ G End (Vi (g) 
• • • <S> V n ) the operator • • • ® Id ® X ® Id <g) • • • , acting non-trivially on the ith factor of 
a tensor product of vector spaces, and if X = Xk ® Yk G End (Vi (g> Vj), then we set 
X (ij) = -£X^Y^ j) . If X(n u . . . ,fx n ) is a function with values in End (Vi ® • • - ® V n ), 
then X(hS 1 ' , . . . , h^)v = . . . , jj n )v if h®v = fXiV, for all i = 1, . . . , n. 
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For each r in the upper half plane and generic rj 6 C ( "Planck's constant" ) a system 
of R-matrices R Al , A2 (z, A) obeying I III was constructed in |[FV1|| . They are charac- 
terized by an intertwining property with respect to the action of the elliptic quantum 
group E T>rj (sl2) on tensor products of evaluation Verma modules. We recall a geometric 
construction of the R-matrices in Sec. |3]. 

2.2. The qKZB equations. Let n > 1 be a natural number. Fix the parameters 
t, 7]. Fix also n complex numbers Ax, . . . , A n and an additional parameter p e C. Let 
V£ = V Al ®---®V An . The kernel of + • • • + on is called the zero- weight space 
and is denoted Vj[0]. 

Let K~i(z,T,p) be the qKZB operators acting on the space ^(V^O]) of meromorphic 
functions of A G C with values in the zero weight space Vj[0]. They have the form: 

Kj (z, r, p) = Rjj-iizj - Zj-\ + p, t) ■ ■ ■ R jtl (zj - zi+p, t) 
TjR jtn (zj — z n , t) ■ ■ • Rjj + i(zj — z j+ i, t). 

The operators Rj t k{z,r) are defined by the formula 

k-l 

R j>k (z,T)v(\) = R Aj>Ak (z,X-2r) £ h {l) , r) v{\), 

and (I»(A) = v(X - 2rjfi) if h^v(X) = fiv(X). 

Let 5j, j = 1, ... ,n be the standard basis of C n . The qKZB system of difference 
equations 

(5) v(z + p5j) = Kj(z,r,p)v(z), j = l,...n, 

for a function v(z) on C n with values in JF(V^[0]) is compatible, i.e., we have 

(6) Kj(z + p5i,r,p)Ki(z,T,p) = K t (z + p5j,T,p)Kj(z,T,p), 

for all j, I, as a consequence of the dynamical Yang-Baxter equations satisfied by the 
.R-matrices. 

We also consider the mirror qKZB operators 

Kj (Z, T , P) = R lj+l( Z J ~ Z J+l +P, T )--- R ln ( Z j - Z n+P, T) 

TjRj ^Zj — Zi, t) ■ ■ ■ Rjj-iizj - Zj-i, r), 

with 

n 

Rl k (z,r)v(X) = R A ., Ah (z,X-2 V ^ h®,r)v(\), 

i=k+i,i^j 

The corresponding system of qKZB equations 

(7) v(z + p5j) = Kj(z,r,p)v(z), j = l,...n, 
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is also compatible. In fact, if we write x v = (x n , . . . , x\) for any x = {x\, . . . , x n ) G C n 
and let P : — > V^ v be the linear map sending v\ (g) • • • Cg) v n to v n ® • • • ® v\, then we 
have 

K?(z, r, p, A) = P-'K^^, r, p, A V )P. 

2.3. Fundamental hypergeometric solutions. In [ FTV2f we constructed a funda- 
mental hypergeometric solution of the qKZB equations: it is constructed out of a uni- 
versal hypergeometric function u(z, A, p, r,p) taking values in Vj[0] <8> VV[0] and obeying 
the equations 

u(z + 5jp,T,p) = Kj(z,r,p) ® Dju(z,r,p), 
(8) tt(z + fyr,r,p) = L>V <g) Kj(z,T,p)u(z,T,p), 

u{z + 5j,T,p) = u(z,T,p). 

Here we view it as taking values in the space of functions of A and p with values in 
V^[0] (g> Vjj[0]. iTj acts on the variable A and Kj on the variable p. The operators 
Dj, Dj act by multiplication by diagonal matrices Dj(p), Z)Y(A), respectively. For our 
purpose, the most convenient description of these matrices is in terms of the function 

a(X) = exp(— 7rzA 2 /4?7). 

We have, for j = 1, . . . , n, 

a(p-2r ] (h^ + ... + h^)) Aj(EU ^ A;) 
a{p - 2r 1 {W) + • • • + 
a(A-2r / (^) + --- + ^))) ^.^ Ai _ ELj+i A;) 
a{\ - 2 V {hW + ■ ■ ■ + hU))) 
The fundamental hypergeometric solution is then 



)J Zj/p )u. 



(9) V =(i®n^ 

It obeys the qKZB equations in the first factor: 

(10) v(z + p5 j} T,p) = Kj(z,T,p) ®lv(z,T,p). 

In other words, for every complex p and every linear form on Vj[0], we have a solution 
of the qKZB equations. We call such solutions the elementary hypergeometric solutions. 
A solution w(z, A) of the qKZB equations is called a hypergeometric solution if it can be 
represented in the form 

(11) w(z, A) = ^2 a j (z)v j (z,X) 

j 

where Vj are elementary hypergeometric solutions and aj are scalar functions of z%, z n 
periodic with respect to p-shifts of variables. 

We recall the construction of the universal hypergeometric function in Sec. [5| 
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The second system of equations in @ gives the monodromy of these solutions, see 



2.4. Finite-dimensional representations. If A is a non-negative integer, Va contains 
the subspace SV\ = ©j^A+i^ e j with the property that, for any M, SV\ © Vm and 
Vm <S> SVa are preserved by the .R-matrices Ra,m(z, A) and Rm,a(z, A), respectively, see 
FVTJ and Sec. H. Let La = V^/SVa, A G Z> . Then, in particular, for any non- 



negative integers A and M, R^ M {z, A) induces a map, also denoted by Ra,m( z , A), on 
the finite-dimensional space La <S> Lm- 

The simplest nontrivial case is A = M = 1. Then R\^(z, A) is defined on a four- 
dimensional vector space and coincides with the fundamental i?-matrix, the matrix of 
structure constants of the elliptic quantum group L^s^)- 

If Ai, . . ., A n are non-negative integers, we can consider the qKZB equations @, © 
on functions with values in the zero weight space of © • ■ ■ © La„ . 

3. Function spaces and R-matrices 

In this section we geometrically construct R-matrices of the qKZB equations. 
Let us fix complex parameters r, rj with Imr > 0, and complex numbers A 1; . . . , A n . 
We set aj = r/Ai, i — 1, . . . , n. 

3.1. A space of symmetric functions, ||KTV1 |. Introduce a space of functions with 
an action of the symmetric group. Recall that the Jacobi theta function 

6{t) = 6(t,r) = -J] e ^0-+5) 2 ^0-+|)(*+|) ) 

has multipliers —1 and — exp(— 2t[U — -kit) as t — > t + 1 and t — > t + r, respectively. It 
is an odd entire function whose zeros are simple and lie on the lattice Z + rZ. It has 
the product formula 

00 

6{t) = 2e 7r4r/4 sin(7rt) - q j ){l - q>e 2mt ){l - ^e" 27 "*), q = e 2mr . 

j=i 

For complex numbers ai, . . . , a n , z 1; . . . , z n , A, let F™ _ a n ( z ii ■ ■ ■ j z m A) be the space 
of meromorphic functions f(t\, . . . , t m ) of m complex variables such that 

(i) Tli<j ~ tj + 2? ?) Y\T=i ]lfc=i 0{U — z k — Ofc)/ is a holomorphic function on C m . 

(ii) / is periodic with period 1 in each of its arguments and 

/(■■•, t J+ T,--.) = e- 2m ^-^f(... ,t 3 ,-..), 
for all j = 1, . . . , m. 

The symmetric group S m acts on F™ an (. z ii ■ ■ ■ j z n, A) so that the transposition of j 
and j + 1 acts as 

9{tj-t j+x -2ri) 



Sjfitl, • • • , tm) /(^l) • • • > tj+li tji ■ ■ ■ it 



1 "m j 



9(tj - t j+1 + 2r)) 
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For any m E Z >0 , let F™... )an Oi, . . . , z n , A) = F™_ >an ( Zl , ...,z n , X) Sm be the space of 
S'm-invariant functions. If m = 0, then we set F% 1 an (zi, . . . , z n , A) = C. We denote by 
Sym the symmetrization operator Sym = 52 s es s '■ F m ~^ F m . Also, we set 

F ai ,...,a„\ z li ■ ■ ■ i Z ni A) = ® m =^a x ,...,a n \ Z Xi ■ ■ ■ i z ni A), 

and define an f) -module structure on F aii _ y(ln (zi, . . . ,z n , A) by letting h act by 

n 

h\F^_ a j zu ...,z n ,x) = A* - 2m)Id, a* = r/A 4 . 

i=i 

Clearly, ^ (1)) ...,a CT(n) (^(i), • • • , z CT (n)) = F™ ^(zt, ...,z n ,X) for any permutation a G 

A) is a finite-dimensional vector space of dimension 
Example: Let n = 1. Then F™(z, A) is a one- dimensional space spanned by 

n 0(fr - tj) fr fl(A + 2r?m + t j -z-a) 
(12) ^(tx, , t m , A, z) - [I g{u _ tj + 2v) 11 ^._,_ a) • 

3.2. Tensor products, | |FTVT| . Let n = n'+n", m = m' + m" be non-negative integers 
and a%, . . . ,a n , Z\, . . . , z n be complex numbers. The formula 

^i,..,W = ^Sym^(t 1 ,...,^(W,---,U II gfal^-a!) ) 

m'<j<m 
l<l<n' 

correctly defines a linear map $ : / <S> g i— > A; = $(/ <S> (?) , 

©m'=o<... ><v A) ® F-" +ii ... )an (^ +1 , . . . , z n , A - 2i/) 

-^aT,...,a n (^l) • • • ) z ni A), 



©m'=0^...,a re , • • • > V, A) ® ^' +1 ,..,a„(*n'+l> . . . , Z n , A - 2u) -> i^,... jan (2i, • • • , Zn, A), 

where v = ai + • • • + a n < — 2r\vnl . For generic values of the parameters Zj, A, the map $ 
is an isomorphism. Moreover, <3> is associative in the sense that, for any three functions 
/, g, h, <&(<&(/ ® g) ®h) = $(/ ® $(o ® /i)), whenever defined. 

By iterating this construction, we get for all n > 1 a linear map $ n , defined recursively 
by $i = Id, $ n = $($„-i ® Id), from 

to ^.....an^i'-'-'^'A), with fij = a j /r]-2m j , j = l,...,n. 
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Let VI = ©°^ Ce* be the restricted dual of the module V A = ©°^ Ce,-. It is spanned 
by the basis (e*) dual to the basis (e^). We let fj act on by he* = (A — 2j)e*. Then 
the map that sends e* to Uj (see (0)) defines an isomorphism of h -modules 

lu(z,X) : VI -> F a (z,X), a = 7]A. 

By composing this with the maps $, we obtain homomorphisms (of f) -modules) 

lu(z u . . . , z n , A) : V£ ® • ■ ■ <g> -> F aii ... (0n (zi, . . . , z n , A) 

which are isomorphisms for generic values of Zi, . . . , z n , A. The restriction of the map 
u(zi, . . . , Zn, A) to e* mi ® • • • (8) is 

$ n (w(zi, A)e^ <g> w(z2, A - 2rmi)e* m2 <g> ■ ■ ■ ® uj(z n , A - 277(^1 H h /j, n ~i))e* m J, 

where fij = Aj — 2rrij, j = 1, . . . , n. 

For example, if n = 2, then u(zx, z 2 , A) sends e* <g> e£ to 

— Sym I ujjih, tj,\, zi)uj k (t j+1 , t j+k ,X - 2oi + 4r/j, z 2 ) — - 1 - 1 ) , 

J.K. \ j =J+1 t 'l Z 'i ^1 a l) J 

where {uj(t\, . . . ,tj, A, z)} is the basis ( |12|) of F a (^, A). 

More generally, we have an explicit formula for the image of e* (8> ■ • • <E> ej t nn , which 
we discuss next. 



3.3. Bases of F aii _ tCln (zi, . . . , z n , A), |FTV1|| . The space Va comes with a basis e^. Thus 



we have the natural basis e* mi ® ■ ■ ■ ® e* mn of the tensor product of V£. in terms of the 
dual bases of the factors. The map u(zi, . . . , z n , A) maps, for generic z iy this basis to 
a basis of F au ... )Cln (zi, . . . , z n , A), which is an essential part of our formulae for integral 
representations for solutions of the qKZB equations. 

We give here an explicit formula for the basis vectors. Let m G Z>o, A = (Ai, . . . , A n ) G 
C n , and let z = (z±, . . . , z n ) G C" be generic. Set aj = ryAj. Let 

Then, for generic A G C, the functions 

Umi,... t m n {h,---,t m ,X,z) = uj(z,X)e* mi ®---®e* mn 

labeled by m\, . . . , m n G Z with = m form a basis of F™(z, A) and are given by 

the explicit formula 

(13) w TO1 ,... >ron (ti,...,t m , a, «,r) = «(*!,..., ^ nnn 



x 



L 0(t,- — Zjt. — Oi.) 
/i,...,J„ 1=1 ieh k=l v 7 

9(ti —tj + 2i]) -A- -p-r 9(X+t j -z k -a k + 2r]m k -2r]Y J ^=i(Ai-2mi)) 



n n »ri:," nn 
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The summation is over all n-tuples 7i, . . . , /„ of disjoint subsets of {1, ... , m} such that 
Ij has rrij elements, 1 < j < n. 

We shall call the functions uj miy __ tJnn (ti, . . . , t m , A, z, r) the weight functions. 

For any permutation a G S n the space F a , 1)r __ ja , , (^<t(i), ^(n), A) coincides with 
-Pai,...,a„(-2i, • • • , A). Thus, for any a, we have a map 

^ CT (zi, . . . , z n , A) : 1/ a * ct(i) <g> • • • <g> VX CT(n) -> F 0l) ... )an (zi, . . . , z n , A) 

and the corresponding basis in F au _ j0in (zi, . . . , z n , A). The basis corresponding to the 
permutation a, such that cr(j) = n—j + 1 for all j, is denoted £ mi) ..., m „(£i> • • • > ^m> A, z, r). 
We have 

(14) w m ! ^(ti, . . . ,t m , x,z,t) = u(ti, . . . ,t m ) _i V] TTTT IT — - — ~t 

*— ' - LJ - (J[U — Zk — ak) 

h,...,I n 1=1 i€l t k=l+l Vl K K/ 

n-pr fl(tj - tj + 2r /) TT TT g ( A + *J - Z k - a k + 2 V m k ~ 2V Er=fc+1 ( A l - 2m l)) 

k>iiei k ,jeli Kt 31 k=ijel k w y 

We call these functions the mirror weight functions. 

3.4. Geometric construction of P-matrices, |[FTV1|| . Let a = r/A and b = r/M be 

complex numbers. Since F a b(z, w,\) coincides with F& a (io, z, A), we obtain a family of 
isomorphisms between V£ <S> Vu an d <S> V^. The composition of this family with the 
flip P : Vu ® V£ — ► (g> VjJ, Pt> ® = u; ® t> gives a family of automorphisms of 

Let z, w, A be such that u(z, w, A, A, M) : V£ — > F ab (z, w, A) is invertible. The R- 
matrix Ra,m( z , w, A) G End f, (Va<8>Vm) is the dual map to the composition R AM (z, w, A): 

V A ® y M — ► F M ® y A — ► F a6 (z, w, A) — ► y A <g> V u , 

where we identify canonically V£ <S> with ® Vm)*- 

Alternatively, the P-matrix P Aj m(<£, w, A) can be thought of as the transition matrix 
expressing the basis of mirror weight functions Uij = u(w, z, A, M, A)e* ® e* of the space 
F a b(z,w, A) in terms of the basis of weight functions = lu(z, w, A, A, M)e* ® e*: if 
Ra,m(z, w, A)e, ® e 3 - = £) fci Pfje fc ® e h then 



(15) w w = ^ii: 



ij U ij- 



Ra,m{z, w, A) is a meromorphic function of A, M, z, w, A. If A is generic, then R^(z, w, A) 
is regular at z = w and lim z ^„, i? A)A (z, u>, A) = P, where P is the flip u <S> v ^ v <S> u. 
Ra,m(z, w, A) depends only on the difference z — w. Accordingly, we write R^yi{z — w, A) 
instead of Ra,m(z,w, A) in what follows. 

The R-matrices Ra,m(z, A) satisfy the dynamical Yang-Baxter equation, they obey 
I III of Sec. g 
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Consider the case of positive integer weights. In this case the i?-matrices have invariant 
subspaces. If A G Z> we let SV\ be the subspace of Va spanned by e^+i, e\+2, 
The A + 1-dimensional quotient V\/ SV\ will be denoted La, and will be often identified 
with 



7 

Let z, 7], A be generic and A, Me 



5 V M 
SV M 



(i) If A G Z> , then R\ yM (z, A) preserves SVa 

(ii) If M G Z> , then Ra,m( z , A) preserves Va C* 

(iii) If A G Z> and M G Z> , then Pla.m^, A) preserves SVa ® Vm + Va ® S'Vm- 

In particular, if A and/or M are non-negative integers, then Ra,m(z, A) induces oper- 
ators, still denoted by Ra,m(z, A), on the quotients La ® Vu, Va ® Lm and/or La <S> Lm- 
They obey the dynamical Yang-Baxter equation. 

3.5. Evaluation Verma modules and their tensor products. Here we recall the 
relation between the geometric construction of tensor products and i?-matrices and the 
representation theory of the elliptic quantum group E T ^(sl 2 ) |[FV1| . 

Recall the definition of a representation of E TiV (sl2): let f} act on C 2 via h = diag(l, — 1). 
A representation of E T)rj (sl2) is an I) -module W with diagonalizable action of h and 
finite-dimensional eigenspaces, together with an operator L(z, A) G End (C 2 (g> W) (the 
"L-operator" ) , commuting with h^ 1 ' + h^ 2 \ and obeying the relations 

R <V\z - Wi \- 2v h®) lP*\z, A) L^\w, A - 2 v h^) 

= L^\w, A) L< 13 >(*, A - 2 v h®) R {12 \z - w, A) 

in End(C 2 <g> C 2 ® W). The fundamental R-matrix R(z,X) G End (C 2 ® C 2 ) is the 
following solution of the dynamical Yang-Baxter equation: let eo, ei be the standard 
basis of C 2 , then with respect to the basis e <8> e , e <8> e\, e\ <8> e , ei <8> ei of C 2 <E> C 2 , 



R(z,X) 



(\ 







a(z, A) 







0\ 





/3(z,-X) a(z,-X) 



where 



a(z, A) 



fl(A + 277)fl(z) 
9(X)d(z-2rjY 







/3(z,A) 



1/ 

g(A + 2)0(27?) 

~ 6{X)8{z - 2rj) 



Theorem 3. 

C 2 ma i/ie fraszs e , ej. 
fundamental R-matrix. 



rVI ] Lei us identify the two-dimensional space Li - 
Then the R-matrix R±i(z, A) G End (L x <g> L x ) 



: Va=i/5'Va=i 
coincides with the 



Corollary 4. For any w, M G C, t/ie f) -module Vm together with the operator L(z, A) = 
Ri,m( z ~ w > ^) e End (-^i ® Vm) defines a representation of E TtV (sl2). 
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This representation is called in |[FV1|| the evaluation Verma module with evaluation 



point w and highest weight M. It is denoted Vm(vj) 



The tensor product construction of [3.2| is related to the tensor product of represen- 
tations of the elliptic quantum group. Recall that if W±, W 2 are representations of the 
elliptic quantum group with //-operators L x {z, A), L 2 (z, A), then their tensor product 
W = Wi (g) W 2 with L-operator 

L{z, A) = L x {z, A - 2r]h (3y f 2) L 2 {z, A) (13) G End (C 2 ® 

is also a representation of the elliptic quantum group. 



Theorem 5. [ [FTVg] 



Let Ai, . . . , A n G C and -zri, . . . , z n be generic complex numbers. Let V = V\ 1 <8> ■ ■ -®V^ n 
and L(z, A) G End (Va=i <8> V) be defined by the relation 

u(z, Zt,..., Z n , X)L(z, A)* = lu(zi, ...,z n ,z, \)P 

in End ((Vi ® V)*) = End (V? <g> 7*), w/iere Pv x <g> v = v ® u x , G 7*, u G 7*. T/ien 
L(z, A) zs well-defined as an endomorphism of the quotient L x <g> V = C 2 <E> V", and defines 
a structure of a representation of E T ^(sl 2 ) on V. This representation is isomorphic to 
the tensor product of evaluation Verma modules 

with the isomorphism U\ ® ■ ■ ■ <S> u n 1— > u n ® ■ ■ ■ ® U\ . 

Finally, the dynamical Yang-Baxter equation in Li £g> V\ ® Vm can be stated as saying 
that Ram{z ~ w,\)P is an isomorphism from Vu(w) ® Va{z) t° Va.{z) <8> Vyi(w), see 



7 V1 



3.6. Weight functions. For a natural number m, define 

(16) Z 2 n = {(mi, m 2 ) G Z> Q | mi + m 2 = m}. 

Define a lexicographical order on l? m \ (Z 1; l 2 ) > (m 1; m 2 ) if h > m\. 
Let z = {z u z 2 ) eC 2 . Define the points T Af G C m , M G Z^, by 

(17) T M = (zi - 77A1 + 2n(mi - 1), z\ - i]A 1 + 2r]{m 1 - 2), z x - 77A1, 

-22 - "A 2 + 2n(m 2 — l),z 2 — r/A 2 + 2n(m 2 - 2), z 2 - r}A 2 ). 

Lemma 6. Let uj^iti, ...,t m ,\,z,r), M G l? m , be the weight functions associated with 
A = (Ai, A 2 ) and defined in ftT3j). Then for all L,M G l? m , L > M , we have 

u} M (T l ,\,z,t) = 0. 
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Proof. According to (IT 



/ \ / \ / \— i \ — * t — r — ^7 ~t~ 2/?) 

(18) ^mi,m 2 (*l,-,*m, A, Z, r) = u{t 1 ,...,t m ) ^ [[ _ X 

yr 6{X+t i -z 1 -r]A 1 + 2r]m 1 ) -j-j- g(A+t J -2: 2 -r7A 2 + 2r/m 2 -2r7(A 1 -2m 1 )) 0fa - Zi + r/Ai) 

where the summation is over all pairs Ji, J 2 of disjoint subsets of {1, . . . , m} such that 
Ij has rrij elements, j = 1,2. 

It is convenient to set apart the term of the sum in (|TJ]) corresponding to the distin- 
guished partition Ii = {1, ...,mi}, I 2 = {mi + 1, ...,m 2 }, 

n O(U ~ tj) yr fl(fr - tj) yr 0(A + tj - Z 1 - T/Aj + 2^) 

l<t<j'<mi v * ■? " mi+l<i<j<m v J /y i=l v 4 1 ' lJ 



in 



-i-r 0(A+^-z 2 -T7A 2 + 2r7m 2 - 2t?(Ai - gmQ) 0(tj -Zi + t/AQ 
1 J JLf +1 - *2 - ijA a ) - - i^AO ■ 

This term will be called distinguished. 

Let us show that u>m(T l ) = for L > M. Consider a term in the sum in flTjD 
corresponding to a partition Ii, J 2 . Since Zi > mi, at least one of the numbers 1, 2, Zi 
belong to J 2 . If l\ G J 2 , then the factor Ofa — Z\ + r/Ai) in (|18D is zero. If l\ does not 
belong to J 2 , then there is a pair of numbers i, i+ 1 < Zi such that ie/j and i+lG/j. 
In that case the factor 0(tj+i — ^ + 2r/) of the first product in ([18]) equals zero. □ 



Lemma 7. 

I. Lei L,M E Z^j, L < M. According to (\Tfy), decompose u>m(Tl, A, -2, r) into iZie stjto 
o/ t/je terms corresponding to partitions ii,/ 2 . TZien aZZ o/ £/ie not distinguished 
terms are equal to zero. 
II. For any M G 7l? m , we have 



mi 



(20) lo m (T m ,X,z,t) = H 



B(2t]) 9(X- 2tj(A 1 - mt - I + 1)) 
6{2 V l) ^(_2t7(Ai - Z + 1)) 



f| 6>(2?7) 0(A - 2?7(Ai + A 2 - 2m! - m 2 - Z + 1)) 
x HI 



l=i 



6(2 V 1) o(-2t](A 2 -1 + 1)) 

9(-Zi + z 2 - 77A4 + r/A 2 + 2r](l - 1)) 
0(-*i + z 2 - 77A1 - r/A 2 + 2r/(Z - 1)) 



Proof. The values of all of the not distinguished summands in fllq) equal zero for the 
same reason as in Lemma || Namely, if Zi G J 2 , then the factor 9(ti x — Z\ + m\i) in fllSD 
is zero. 
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Now let l\ G I\. If there is j < l\ such that j G I 2 , then there is a pair of numbers 
i, i + 1 < li such that iGJj and z + 1 G I\. In that case the factor 6(ti + i — 1« + 2r/) of 
the first product in flT8[ ) equals zero. 

So assume that {1, Zi} G Ji and the partition Ji, J 2 is not distinguished, then there 
is a pair of numbers li < i, i + 1 such that ieJ 2 and i + 1 G ii. In that case the factor 
0(ti + i —ti + 2rj) of the first product in ([EH) equals zero. This proves the first part of the 
Lemma. 

The RHS in (|20| ) is the value of the distinguished summand in (p!8[). This proves the 
second part. □ 

Lemma 8. Let u)u{ti, ■■■,t m , A, z,t), M G I* 2 m , be the mirror weight functions associated 
with A = (Ai, A2) and defined in /fi^j. Then for all L,M G Z^, L < M, we have 

lu m {Tl, \z,t) = 0. 
Moreover, for any M G l? m , we have 

(21) c M (T M , X i z 1 r) = [[[^ B{ _ 2v{A2 _ l + 1)) ] 



mi 



0(2?7) 0(A - 2r/(Ai + A 2 - mi - 2m 2 - I + 1)) 
9{z x -z 2 + rjAt - r]A 2 + 2rj(l - 1)) 1 

X 



n 



6( Zl -z 2 - T]Ai - r]A 2 + 2r](l - 1)) J ' 

The Lemmas have important corollaries. Namely, consider the functional space F™ a2 (zi, z 2 , 

associated with A. Consider the triangular matrices A l ^ 2 m2 = u^^iT^^, A, zi, z 2 ) and 

^mi'm 2 = ^wi,m 2 (^i,« 2) A, 21,22) for (Ii,! 2 ),(mi,m 2 ) G I? m . Assume that z 1 ,z 2 ,A 1 ,A 2 ,r] 
are such that all elements of these matrices are well defined. (Notice that these condi- 
tions can be easily written explicitly.) 

Corollary 9. The weight functions cua/^i, ■■■,t m , A, z,t), M G 7I? m form a basis in F™ a (zi, z 2 
unless one of the diagonal elements $2Q ) of the matrix A equals zero. Similarly, the 
mirror weight functions u)m(^i, t m , A, z, r), M G l? m , form a basis in F™ a2 (zi, z 2 , \) 



unless one of the diagonal elements (\21\) of the matrix A equals zero 



Corollary 10. Let B l ^ m2 be the matrix inverse to A, Y,i u i 2 A ml 2 , m2 B hM = ^i,mi^,m 2 - 
Consider the elliptic R-matrix i?A lj A 2 (- 2 i — z 2, A) defined by fllh]). Then 

(22) = E A T B t 



rira ' 



In particular, the R-matrix is well defined unless one the diagonal elements ( ]2(\ ) of the 
matrix A equals zero. The determinant of the R-matrix Ra u a 2 ( z i — z 2 ,X) restricted to 
the weight space of weight A x + A 2 — 2m is equal to the product of all of the diagonal 
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elements $2l\) of the matrix A divided by the product of all of the diagonal elements 
of the matrix A. 

3.7. The Shapovalov operator. Let Q Aj (A,r) be the diagonal operator on V\. with 
diagonal matrix elements 

' ' 9(2r](A j + l-l),T)e(2r}l, 



J 9(X + 2r](Aj + l — k — l), t)6(\ - 2 V l, r) ' 
Set 

n-l 

(23) Q(X, t) = Q Al (X, t) <g> Q A2 (A + 2 V h^, r) ® ■ ■ ■ <g> Q A "(A + 2r? ^ /i^, r). 

3=1 

Q defines a diagonal operator on the tensor product V? called the Shapovalov operator. 
The Shapovalov operator plays an important role in the study of the qKZB equations 
T3[ . 



Let A G C" be such that A x + ... + A n = 2m for some natural number m. We consider 
the Shapovalov operator on the zero weight subspace V^[0] and in particular its poles as 
a function of A. 

Let en = e mi ® .... <g> e mn G V^[0] be a basis vector, where M = (mi, ...,m n ), mi + 
... + m n = m, is a vector of non- negative integers. The corresponding diagonal matrix 
element of the operator Q is 

O (\r)= ( T) V IT ft 6{27]{Aj + 1 " °' T)g(2 ^' T) 

^ M ' V^,^ j i = lll^ (A + 2r? ( mj -/ + !) + 2^ ELi(A fc -2m fc ),r) 

24 x . 

6{X - 2 V 1 + 2 V EU(A fc - 2m k ), r) 

For generic A, this coefficient has 2m simple pairwise distinct poles. It is convenient to 
parametrize these poles as follows. 

For j = 1, n — 1, < I < rrij + m J+ i, I ^ rrij, set 

j'-i 

(25) Amj,/ = - 2?7(A j - - I + J^(A fc - 2m k )), 

k=l 

and for < / < m n + rri\, I ^ m n , set 

(26) X M>ni i = -2r}(m n -I). 
Denote this set of 2m numbers Sm- 

Lemma 11. The set Sm is the set of poles of the coefficient Qm considered as a function 
ofX. □ 
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Any Xm,3,i defines a new index L as follows. If j < n, then L = (m 1; m.,_i, /, m,,- + 
rrij + i — I, rrij + 2, ...,m n ). If j = n, then L = (mi + m n — /, m 2 , m n _i, £). We call this 
index dual to M with respect to Xmj,i- 

Let L be dual to M with respect to Xmj,i- If j < n, then the set Sj, contains the 
number Xm,j,i = Xlj^ and moreover M is dual to L with respect to Xmj,i- If j = n, 
then the set contains -Am.b,; = Ai inimn and moreover M is dual to L with respect to 

This construction defines a partition of the set of the pairs (M, A), A G Sm, into the 
dual pairs. 

3.8. The poles of the Shapovalov operator and weight functions. Define elliptic 
numbers by 

_ 9(2 V k,r) 

and elliptic factorials by 

[*]! = [1] [2] ... [k]. 

Let A G C n , m a positive integer. Consider the weight functions associated with the 
pair A, m and defined in ([TBI). 

For j < n, let m 1; m 3 -_i, fc, m.,- +2 , • m n be non-negative integers such that mi+...+ 
+ fc + m., +2 + ... + m n = m. Let a, b be integers such that a ^ b, < a, b < k. Let 
M = (mi, mj-i, a,k — a, rrij+2, m„) and L = (mi, mj_i, b,k — b, rrij+2, n^n)- 
Consider the number Ao = 2i](Aj — a — b + ^^(A, — 2m;)). Notice that — Ao is a pole of 
the coefficients Qm(A), Ql(A) of the Shapovalov operator on Vj, and the pairs M, — Ao 
and L, — A are dual in the sense of Sec. |3TT| . 



Theorem 12. Under these conditions, for the weight functions defined in we have 



3-1 

(27) [a]\ [k-a}\u M (t 1 ,...,t m ,2r](A j -a-b + ^(A, -2m z )),z,r) = 

i-i 

[6]! [A; — 6]! w L (ti, . . . , t m , 2r){A 3 - - a - 6 + ^(A, - 2m,)), t) • 

i=i 

It is easy to see that formula (E7j) for arbitrary n > 2 and j < n follows from the next 



Proposition, cf. (|13). 



Proposition 13. Le£ A = (Ai, A 2 ). Let m, a, 6 6e non-negative integers such that a ^ b, 
< a,b < m. Then for the weight functions corresponding to V% we have 

(28) [a]\[m-a)\u a>m - a (t 1 ,...,t m ,2r](A 1 -a-b),z,T) = 

[b} \ [m - b]\u b>m - b (ti, . . . ,* m ,2^(Ai - a-b),z,r) . 
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3.9. Proof of Proposition |i~3 



According to Lemmas it is easy to see that in order to prove the Proposition it is 
enough to check that for any N = (c, m — c) 6 



(29) [a]\ [m - a]\u atfn _ a (T N ,2ri(A 1 - a - b),z,r) = 

[b}\ [m - b]\uj bim - b (T N , 2?7(Ai - a - b), z, r) . 

Let a > b. If c > a, then 

Wtt,m-o(2jv, 2J7(A], - a - b),z,r) = uj bim _ b (T N , 2r](A 1 - a - b), z, r) = 

by Lemma |6|. If a > c > b, then uj bjm -. b (Tj^, 2i](Ai — a — b), z,t) = by Lemma |6|. 
Lemma 14. If a > c > b, then u at m- a (T]s[,2r](Ai — a — b),z,r) = 0. 



Proof. According to flI8|) , uj a ^ m _ a {T N , 2t](A 1 — a — b), z,r) is the sum over all pairs I\, I 2 
of disjoint subsets of {1, ... , m} such that I\ has a elements, and I 2 has m — a elements. 
By Lemma [?|, all terms in this sum but the distinguished one are equal to zero. The 
distinguished summand is zero since the factor 6(X + t c ^ b — Z\ — r\A\ + 2r]a) = 9(2rj(Ai — 
a — b) + Z\ — T)A\ + 2r}b — z\ — T)A\ + 2r\a) is zero. □ 



Lemma 15. If a > b > c, then equation (\2ty) holds 



Proof. By Lemma |7], it is enough to show that the distinguished summands D\ and D 2 of 
respectively [a]\ [m-a\\ u a , m - a {T N , 2r] (A x -a -b), z, r) and [6]! [m-b]\uj b!m ^. b (T N ,2r](A 1 - 
a — b), z,t) are equal. We have 

A 0(27? j) ??g(2gj) A 6(2r)) 
1 11 6(2 V ) 11 6(2 V ) 11 9(2 V j)) 

x A A 9(z 1 -z 2 -r ] A 1 + r ] A 2 + 2r ] (c-m + j-t)) ^ 0{2rj) e ( 2 v) 
X T-\ i.i 0(z! -Z2- rjAi + V^2 + Mc -m + j-i + 1)) 11 e(2 v j)) 11 9(2 V j)) 

n 9(2ri(c - i - b)) A 9(-z 1 + z 2 + r]A 1 - r]A 2 + 2r](m - i - b)) 
x 9(-2r l A l + 2r]{c - i)) 1^ 9(-Zi + z 2 - 77A1 - rjA 2 + 2r]{m - i)) 

yr e(-2r]A 2 + 2r](2m - % - b)) 6(- Zl + z 2 + 77A1 - r]A 2 + 2r](m - i)) 
ll x 6(-2r]A 2 + 2r](m - i)) 9(-z 1 + z 2 - r]A t - r]A 2 + 2r](m - i)) ' 



x 



X 
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L 0(277) 11 9(2 V ) f = \9(2 V j)) 



3=1 3=1 3 

An gfa - * 2 - gAi + + 2^(c - m+ jj-Q) 9(2 V ) 0{2rj) 

X M e ( z i ~ z 2~ + V^2 + 2 V (c - m + j-i + i)) 11 6(27} j)) fj 0(2777)) 

0(2t)(c - i - a)) 9(-Z!+ z 2 + r]A 1 -r]A 2 + 2r]( y m-i- a)) 

X 



n p^T/yc - i - a)) T-r 

0f_9.nA, 4- 9<n(r- iW 11 

i=l 
m 

n 



m 

X 



L 0(-2r/Ai + 2t?(c - z')) 9(-z x + z 2 - r}A x - r]A 2 + 2r](m - i)) 

9(-2r]A 2 + 2r](2m - z - a)) 0(-zi + z 2 + ^Ai - f?A 2 + 277(777 - z')) 



, ; t 6(-2r]A 2 + 277(771 - z')) 0(-*i + z 2 - ^Ai - t/A 2 + 277(771 - z')) ' 

Di and D 2 contain factors of five types: 9(—2i}Ai + 2r? integer) , 9(—2rjA 2 + 27/ integer) , 
9{—Z\ + z 2 + ? ?A 1 — 77A1 + 277 integer) , 9(—Zx +z 2 — 77 Ai — 77A1 + 2r/ integer) , 0(27? integer). 
Comparing the factors of each type in Di and D 2 we conclude that D\ = D 2 . 



Lemma [L5l Proposition O and Theorem 12 are proved. □ 



Theorem 16. Let r, s be integers. Then under conditions of Theorem [ZI| for the weight 
functions defined in ^T3j), we have 

(30) [a}\ [k - a ]l e 2« S a( Zf+1 - % +r ? A j+1 + 7? A 3 ) 

x WAf(*i, . . . , t m , r + sr + 2?7(Aj - a-b + ^(A; - 2mi)), z, r) = 

1=1 

[fcj! [ft — fcl! gSTrisbCzj+i-^+TjA^+i+^Aj) 

i-i 

x . . . , t m , r + st + 2r}(Aj - a-b + ^(A; - 2777,;)), z, r) . 

1=1 



The Theorem follows from Theorem [12], the explicit formula for the weight functions 
and the transformation properties of the theta function 6(X, r) under the shifts of A by 
1 and r. 

4. Properties of R-matrices 

4.1. The A-poles of the R-matrix. According to Corollary [H], the poles of the R- 
matrix 

Rai,a 2 ( z -> K t ) considered as a function of z, A, r come from zeros of the functions 9(X — 
2r 1 {A 1 + k)), 9(X - 27/(A! + A 2 + k)), 9{z - r}{A x + A 2 + 2k)), 9{-z + r}{-A x + A 2 + 2k)) 
where k is an integer. Thus the poles could be divided into the A-poles and z-poles. The 
following Theorem describes the A-poles of the R-matrix. 

Theorem 17. Let Ai,A 2 ,r},z be generic. Consider the R-matrix R\ ly x 2 {z, X,t) re- 
stricted to the weight space (Va 1 <8> V^ 2 ) A 1 +\ 2 -2m of weight A x + A 2 — 2m. Then 
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I. All X-poles of the R-matrix have the form A = 2i](Ai — k) + r + st where k = 

1, 2m — 1 and r,s G Z. 
II. All X-poles of the R-matrix are simple. 

III. Let Xq = 2?7(Ai — k) + r + st be a X-pole of the R-matrix, where < k < 2m and 
r,s G Z. Let K(z,r) G End((VA 1 ® VA 2 )A 1 +A 2 -2m) be the residue of the R-matrix 
at X . Then the kernel of K is the subspace in (Va^ ® VA. 2 )Ai+A 2 -2m consisting of 
vectors J2i+j= m u hj e i ® e i satisfying the relations 



\a}\ \m-a}\e 2wisai - z+vAl+vA2) u 



a,m—a 



[b]\ [m-b}\ e **i>H-*+rfii+v**) Ubm _ b 
where a, b run through the set of all pairs satisfying a + b = k. 



The Theorem will be proved in Sections [4.2[ - [4.4[ More information about the A-poles 
of the R- matrices see in Section |77~ 



4.2. Proof of Part I of Theorem [T7| . For any M = (mi,m 2 ) G l? m and any mero- 
morphic function f(ti,..., t m ) in m variables we let resMf be the complex number 

resAf/ = res 4l=2l+r? A 1 ~2» ? (mi-i) • • • r es 4mi _ 1=;;i+ ^A 1 _2 ?? res 4mi=21+r? Ai 

res < mi+ i=2 2 +r;A2~2»7(m2-l) ' ' ' Te St mi+rn2 - 1 =z 2 +r}M-2v TeSt m 1 + m2 = z 2+avA-2 ■ 



According to Proposition 30 in ||FTVlj| , the matrices A = {res^M}, B = {resL^M} 
are triangular. Namely, res^M — if L > M and res^cuM = if L < M. Moreover, 
Proposition 30 gives explicit formulas for the diagonal elements of these matrices as 
alternating products of theta functions. The formulas show that the diagonal elements 
do not have factors of the form 8(X — 2tj(Ax + A2 + k)). Since R = A~ X B, this shows that 
the R-matrix does not have A-poles of the form A = 2r/(Ai + A2 + k) + r + st, k, r, s G Z. 

Now it follows from Corollary [H] and formulas fl20D and fl2lD that the A-poles of the 
R-matrix have the form A = 2r](Ai — k) where < k < 2m and r, s G Z. 

4.3. The poles of the Shapovalov operator and the R-matrix. The following 
relation of the R-matrix with the Shapovalov operator is proved in [FV3]. 



Lemma 18. ||I t 'V3|| For all j, k, r, s, we have 

(31) Qf (A + 27?(A 2 - 2k), t)Q a > (A, r)^(-A, z, r) 

= Qr 1 (A, r)Q A2 (A + 2? 7 (A 1 - 2r), r)^(A + 2r / (A 1 + A 2 - 2(r + a)), zr). 

Lemma 19. If Ai,A2,i] are generic, then R\ u \ 2 (z, X, t), as a function of X, has only 
simple poles. 



Proof. According to Part I of Theorem |17], the poles of the R-matrix are of the form 
A = 2r](Ai + integer) (modulo Z + rZ). 

Consider formula ([31]). Modulo Z + rZ + 2?]Z, the poles of the R-matrix on the left are 
at — 277A1, whereas the poles of the R-matrix on the right are at — 2i]A 2 , i.e., elsewhere. 
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Thus the poles of the R-matrix on the right must come from the poles of the Q's on the 
left. It is therefore sufficient to show that the product of Q's on the left-hand side has 
only simple poles. 

Now Qf(X, t) has simple poles at A = 2r/l, and A = 2r](— A + j + 1 — 1), I = 1, . . . ,j. 
Hence the only way 

Qfi(\ + 2 v (A 2 -2k),T)Q^(\,r) 

can have higher order poles is that a pole of the first factor at A = 2r](— A 2 + 2k + I), 
I = 1, . . . , j coincides with a pole of the second factor at A = 2r](— A 2 + k + I' — 1), 
V = 1, . . . , k. But this never happens since 2k + I > k + /' — 1 for / > and /' < k. So 
the R-matrix has only simple poles. □ 



The Q — /^-relation in ([31]) is powerful enough to tell which matrix elements of the 
R-matrix could have which poles. 



Part II of Theorem 17 is proved. 



4.4. Proof of Part III of Theorem [17]. According to Propositions 13 and 14 in 



| FTV2|| , we have R\ lj \ 2 (z, A + 1, r) = R^^^z, A, r) and 



These two formulas show that the statement of Part III for arbitrary integers r, s follows 
from the statement of Part III for r = s = 0. 

Proposition 20. Let X = 2r]{Ai — k) be a X-pole of the R-matrix, where < k < 2m. 
Let K(z, r) G End ((Va 1 ® Viv 2 )Ai+A 2 -2m) be the residue of the R-matrix at Xq. Then the 
kernel of K is the subspace in (V\ 1 <^Vx 2 )A 1 +A 2 -2m consisting of vectors J2i+j=m u hj e i® e j 
satisfying the relations 

[a]\ [m - a]\ u a _ m _ a = [6]! [m - b)\u b>m - b 

where a, b run through the set of all pairs satisfying a + b = k. 



The Proposition follows from Lemmas ^ - §, Corollary [T^, Proposition 13, and the 
following Lemma from linear algebra. 

Lemma 21. Let I, n be natural numbers, A(a) = {Aij(a)} be an n x n matrix depending 
on a parameter a. Assume that det A(a) = ca l + 0(a l+1 ), c ^ 0, as a — > 0, and 
Aij = 0(a) for all j and i — 1, Then the inverse matrix A~ 1 (a) has a simple pole 
at a = 0. Moreover, if Kis the residue of A~ 1 (a) at a = 0, then K has rank I and 
K~ij = for all i and j = I + 1, n. □. 

4.5. Relations for matrix coefficients of R-matrices. 



Theorem 22. Let r,s G Z. Let z,w } A 1; A 2 ,r] be generic complex numbers. Then 



22 G. FELDER AND A. VARCHENKO 

I. For all a, a', 6, c, c', d we have 



(32) e ^is(b{- w+v ^) + d{z- v x 2 )) Ml R AlM ( z - w, 277(6' - 6) + r + sr)^ 

[a\. 



^isVi-v+vAWiz-vAz)) W » M ( Z _ W) 2 r/(6 - 6') + r + sr)^ 

[o J. 



II. For all a, 6, b', c, d, <i' we have 
(33) 

^K-^A^+c^AO) HI ij AiiA3 ( z _ Wj 2 7 7 (A 1 + A 2 - 26 - a - a') + r + sr)J* 



,2Tris{a'(-z-riA 2 )+c'(w+riA 1 )) d . /_ _ ,., n n ( A , i A „ _ Oh _ n _ „M _l_ r J- a ^ a ' ' b 



jrr Ra 1 ,a 2 { z ~ w > 2 ?7(Ai + A 2 - 26 - a - a') + r + sr)^;, . 



Example. We have Ra 1 ,a 2 { z ~ w > tyd'c = 3o,c$o,d- Then equation ( |52]) says that 
Ra x ,a 2 ( z ~~ — 277^)2*0 = 1 anc ^ Ra ± ,a 2 { z ~ w i — 277^:)°^ = for (z, j) 7^ (k, 0). Equation 
(0) says that R Al>A2 (z-w, 2T](A 1 +A 2 -k))^l = 1 and R Al<A2 (z-w, 2r](A 1 +A 2 -k))fj = 
lor (/../) / (0.//). 

We shall prove Part I of the Theorem, Part II is proved similarly. 

According to the transformation properties of the R-matrix, described in Propositions 
13 and 14 in [[FTV2j1 , in order to prove Part I of the Theorem it is enough to prove Part 
I for r = s = 0, thus it is enough to prove the following Proposition. 

Proposition 23. for all a, a', 6, c, c', d we have 

j^jj R AlM (z - w, 277(6' - 6))J* = j^R Ai ,a 2 ( z ~ w > 2r liP - b')) a /' c . 
Proof. For a natural number m, define 

(34) l} m = {(mi, m 2 , m 3 ) e Z> | mi + m 2 + m 3 = m}. 

Let w^'^fti, •••) *m, A, zi, z 2 , z 3 , r), (mi, m 2 , m 3 ) G Z^, be the weight functions asso- 
ciated in Section |3l| with the space F™^ a 3 { z ii z ^i z s) f° r a j = V-^-jiJ = 1j 2, 3. 
Define a <8> Va 2 ® Va 3 -valued function dj Al,A2 ' A3 (t, A, 24, z 2 , z 3 , r) by 

^ 1, 2, ^ t m , A, ^i, 2 2 , 2 3 , r) = 

X] ^miis^i' *m» A > ^i' ^2, ^3, r) e mi ® e m2 ® e 



m 3 • 

(mi ,mj, m3)eZ3 l 



We have 



yAi^( t| A, ^ z 3 , ^ r) = P( 23 )4 2 2 3) A3 (z 2 - z 3 , A - 2^^)) u A ^> A >(t, A, ^, z 2 , z 3 , r) 
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i.e. 

Ai,A 3 ,A 2 



<; l3 V(U,2i^3,^,r) = 

R MM ( z 2 -za, A -2^(Ai - 2mi))^J m3 w^ A 4 (t, A, z u z 2 , z 3 , r) 



m2,m3 



The coordinates of the functions u Al ' A2 ' Aa (t, A, Zi, z 2 , z 3 , t) and c<j Al ' A3 ' A2 (t, A, zx, z 3 , z 2 , r) 
satisfy the resonance relations of Theorem |12[ Let us write one of the relation for 
coordinates of the function u; Al ' A3 ' A2 (t, A, z\, z 3 , z 2 , r), 



[h)l , Ao, *i, ^3, * 2 , r) = [mj! [fe]! ^j^(t, A , ^3 



where A = 2r](A 1 — mi - mi) and mi + Z 3 = mi + l 3 . We assume that m 1 < rh 1 . 
We can write this relation as 

[mi]![Z 3 ]! R ^As( z 2 ~ z 3, 2rj(mi - iniljj^w^ft A , z x , z 2 , *3, r) = 

m2,m3 

[mi]![f 3 ]! Y R MA S ( Z 2 ~ zs, Mmi - rn^l^u^^t, A , z lt z 2 , z 3 , r) . 



Using the resonance relations for the function u; Al ' A2 ' A3 (t, A, Zi, z 2 , z 3 , r), 
[m 1 }\[m 2 }\u Al ^% 3 (t,X ,z 1 ,Z2,z 3 , r ) = 
[mi]! [m 2 ]!<' 
we can rewrite the last equation as 

(35) Y ( r T 1? ^.Aa (22 - ^3, 2r?(m 1 - mi))^ 3 



[a + h - m3 ]! ^ 2 ,a 3 v*2 <*, "^'/v 1 -i;; a+ i 3 - m3) m3 



-^a 2) a 3 (^2 - 23, 2?7(mi - mi))^ ) 
[a + / 3 — m 3 J! a+ ' 3 m3 > m3 

In this equation the R-matrix elements with negative indices are considered to be zero 
and is zero for negative j. 

Lemma 24. Let X = 2r](Ai — mi — mi) where mi, mi are non-zero integers and 
mi < mi. Consider the functions u^^ 3 _ m3im3 {t, A , z x , z 2 , z 3 , r), m 3 = 0, a + Z 3 , 
as functions ofti, ■■■,t rn . Then these functions are linearly independent over C. 

Indeed, for any (ki, k 2 , k 3 ) G 1? m define a point T^^m £ C m by 

TkxMM = i z i ~ V^i + 2n(ki - 1), z\ - r)A x + 2r/(/ci - 2), z x - 77A1, 
z 2 - r/A 2 + 2r/(/c 2 - 1), z 2 - V A 2 + 2r](k 2 - 2), z 2 - rjA 2 , 
z 3 - r]A 3 + 2r](k 3 - 1), z 3 - r]A 3 + 2r](k 3 -2),....,z 3 - r]A 3 ). 
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It is easy to see that the matrix {A mzM = uj^^ 3 t m ^ m3 (T mua+l3 _ k3:k3 , X , z u z 2 , z 3 , r)}, 
with < m 3 , k 3 < a + Z 3 , is triangular with nonzero diagonal elements, cf. Lemmas || 
[7|. This proves the Lemma. 

By the Lemma, the coefficients of the weight functions in equation (|35|) must be zero. 
Thus the Proposition is proved. □ 

5. Hypergeometric solutions 

5.1. Phase functions. We assume that p has a positive imaginary part, and set r = 
e 27np^ q _ e 2mT _ r j i ] ieri convergent infinite product 

~ ™ (I _ r i ? & e 2 7 ri(t-a)W 1 _ r j+l q k+l e -27Ti(t+a)^ 

(36) f2 a (t) := n a (t,r,p) = [[[[ 7T _ . . 2 m(t+a)Ul _ r j+l ff fc+l e -27ri(t-a)) ' 

j=0 fc=0 v y ;v H ' 

is called a (one variable) phase function. It obeys the identities 

n a (z + P , r, p) = e 2 ™ e } ( z + a;T \ n a (z, r, P ), 

B(z — a; t) 

tt a (z + l,T,p) = Q a (z,T,p), 

tt a (z,T,p) = n a (z,p,r), 

see ||F V3| . Notice that the phase function obeys many other remarkable identities that 
lead to an SL(3, Z) symmetry, see ||FV3| , [FV4J| . 

Fix a = (ai,...,a n ) G C n and a natural number m. Define the m-variable phase 
function by 

m n 

(37) H„ ( f i t m . C i Z n .T. p ) = \\ \ \ { - l n ( - : -l ) II Q-2r,(ti ~ tj)- 

j=l 1=1 l<i<j'<m 

5.2. The universal hypergeometric function, [}b 1 TV2| . Let A = (Aj, . . . ,A n ) be 
such that Ax + . . . + A n — 2m for some positive integer m, and set <Zj = 7/Aj. 

Introduce a meromorphic Vj[0] <8>Vj[0]- valued function u of variables z,Ae C n , X, \i G 
Cby 

(38) u(z,\,/J,,T,p,A)= 22 Uu(z,\,iJ,,T,p,A)e I ®ej 

I,J } \I\ = \J\= m 

where 

(39) Uu(z,\,ii,T,p,A) = 

e 2 v n(t, z, a, r, p, 77) A, z, a, r, 77) wj(t, //, z, a, p, 77) (it . 

Here, for every M = (mi,...,m„), denotes e mi (g) ... (g) e mn , fl is the m-variable 
phase function fl3*T|), uj(t, X, z,a,r,rj) and £jj(t, //, z,a,p,T]) are the weight functions 
(0)'(0)' ^ = dti A ... A dt m . The integrand is 1-periodic with respect to shifts of 
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variables t = (t\, ■■■,t m ) and therefore defines a meromorphic function of t on C m /Z m . 
T m = T m (z, r,p, A) is an m-dimensional cycle in C m /Z m which is a suitable deformation 
of the torus M m /Z m C C m /Z m determined by z, r, p, A, see ||FTV2f| . Namely, the integral 
is defined by analytic continuation from the region where Re (Aj) < 0, Z{ G K. and 
Im (77) < 0. In this region, the integration cycle is just the torus R m /Z m . 

The function u will be called the universal hypergeometric function associated with 

For a fixed generic A, the function u is a meromorphic function of the remaining 
parameters and satisfies equations (§) , see explicit conditions on A in ||FTV2|| and ||M V| . 

Remark. In ||FTV2|| we used only weight functions and no mirror weight functions. 
Then the qKZB equations (|8]) only involve qKZB operators and no mirror qKZB op- 
erators. The choices of this paper and | |FV3| , |FV4j| make the qKZB heat equation of 
FV3| , |FV4j| more transparent. The proof that u obeys the relations (BD is the same as 



the proof of Theorem 31 in ||FTV2|| . Note however that the conventions in the definition 



of Dj are different there. 



5.3. Finite dimensional representations, [ |MV| |. Assume that A°, ...,A° are natural 
numbers, and for some natural number m, Aj + ... + A° = 2m. Set A = (A°, A°). 

Let M = (mi, m n ) be a vector of non- negative integers. Say that M is A - admis- 
sible, if rrij < Aj for all j. 

Theorem 25. ||MV|| The coordinates Uu of the universal hypergeometric function de- 
fined by fl3B{ ) are meromorphic functions of its variables. If at least one of the indices 
I, J is A -admissible, then m/j|x=a°» defined by analytic continuation, is a well defined 
meromorphic function of the remaining variables. Thus, for every fixed A°-admissible 
index M, 



2J u M i\z=Ho e M ® e /; 



(40) ^2 m /mIa=ao^ ® e M and 

I, \I\=m I, \I\=m 

are well defined meromorphic functions. Moreover, the first of the functions satisfies the 
first and the third system of equations in ^), and the second of the functions satisfies 
the second and the third system of equations in (||). 

Consider the tensor product = L^o eg) ... ® L^ of the corresponding finite dimen- 
sional vector spaces and the V^ [0] <%> L^ [0]-valued function 

u(z,X,/j,T,p,A°) = ^ u u (z, \, n,T,p,A°) a ® ej. 



I, \I\=m, 
adm J, J I — m 



The function 
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obeys the qKZB equations in the first factor (|10|) . It means that for every complex [i 
and every linear form on L^[0], we have a solution of the qKZB equations. We call 
such solutions the elementary hypergeometric solutions with values in Vr o [0]. A solution 
w(z, A) of the qKZB equations with values in V^ [0] is called a hypergeometric solution 
if it can be represented in the form (pTT|) . 

Define the universal hypergeometric function associated with L^ by 

(41) u{z,\,n,T,p, A ) = ^ uu(z, A,/i, r, p, A ) e/ <g> ej 

adm/,J, |/| = | J\=m 

where the sum is over all A°-admissible indices /, J. This is a ^ [0] <8> L^ o [0]-valued 
function. Let 7r : V^ o [0] — > L^ o [0] be the canonical projection. Then u = ir <g> 1 u. 



It follows from the properties of R-matrices formulated in Sec. |3.4j that the universal 
hypergeometric function satisfies equations (§). Define the fundamental hypergeometric 
solution v associated with L^ by formula @. The ^o[0] ® L^ o [0]-valued function v 
obeys the qKZB equations in the first factor (pTOf) . Thus for every complex \x and every 
linear form on L^ [0] , we have a solution of the qKZB equations. We call such solutions 
the elementary hypergeometric solutions with values in Ljo[0]. A solution w(z, A) of the 
qKZB equations with values in £jo[0] is called a hypergeometric solution if it can be 
represented in the form flTT|). 

The second system of equations in (RJ) gives the monodromy of these solutions, see 
|MV|. 



6. Resonance relations for solutions with values in Verma modules 

6.1. Resonance relations. Let u = Y2 u u e i ® e J be the universal hypergeometric 
function associated with V^, A x + ... + A„ = 2m. 

Theorem 26. Let r, s be integers. 

I. Let n > 1. For j < n, let m 1 ,...,m J _ 1 ,l;,m J+ 2,...,m n be non-negative integers 
such that nil + ••• + mj-i + k + rrij + 2 + ... + m n = m. Let a, b be integers such 
that a ^ b, < a,b < k. Let M = (m 1; rrij_ 1 , a,k — a, mj +2l Tn n ) and L = 
(mi, rrij-i, b,k — b, nij + 2, m n ). Then for any J we have 

(42) [a]\ [k - a ]l e 2«^fe+i-%-+'?A J - +1 +^) 

3-1 

x u MJ (z, r + sr + 2n(Aj -a-b + J^(Aj - 2m;)), //, r,p, A) = 

i=i 

3-1 

x u LJ (z, r + sr + 2r)(Aj - a-b + ^(Aj - 2m l )),/i,r,p,A). 

i=i 
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II. Letn> 1. Let m 2 , ...,m n _i, k be non-negative integers such that m2+---+m n _i+k = 
m. Let a, b be such that a ^ b, < a,b < k. Let M = (k — a, m-2, m n _i, a) and 
L = (k — b, 777.2, mn-i, b) . Then for any J we have 

(43) [a]! [k - ajie^isoizi-zn+vM+vAn-p) 
x u M j(z, r + st + 2r/(a - b), fx,r,p, A) = 

x u L j(2, r + sr + 2r)(b — a),fi,T,p, A). 

III. Let n = 1, A = 2m. In t/ws case ii = u mm e m ® e m and it does not depend on z. We 
claim that 

(44) e 2«,a(4, m - P ) Umm(r + sr + 2r] a,fi,T,p,A) = u mm (r + ST - 2 V a,»,T,p,A) 
for a = 1 , . . . , m . 



Corollary 27. Any hypergeometric solution w(z,X) = wj(z,X)ej defined in (jTTp 
obeys the resonance relations 

(45) [a}\ [k - a]\ e 2«^( Zi+1 -^ +J7 A j+1 +^) 

i-i 

x r + st + 2r)(Aj - a - b + ^(Ai - 2mj))) = 

[W! [jfc — ft]! e 27risb ( 2 3 + l-^+ r ? A J + l+'7 A 3) 

x r + st + 2i](Aj - a - b + ^(A ; - 2m ; ))) 

l=i 

for j, a, b, k, L, M defined in Part I of Theorem |^ and the resonance relations 

(46) [a}\ [k - a}\ e ^'a(*i-*»-H?Ai-H?A»-p) w ^ r + ST + 27] ( a - b)) = 

[b]\ [k - b]\ e ™sHzi-zn+riAi+r,An-p) Wl ( Zj r + ST + 2r] (b - a)) 

for a, b, k, L, M defined in Part II of Theorem \2dj . 

Formula ( [12]) of Theorem ^ follows from Theorem |TB]and formula (|3^). Hence 
any hypergeometric solution w = wjej defined in (|11|) obeys relations (f|^) for 
j, a, b, k, L, M defined in Part I of Theorem 26. 



We deduce ( fi3|) from ([45|) in Sec. |6.3| . Part III is proved in Sec. 6.4 . 



6.2. The monodromy with respect to permutations of variables. In order to 
prove Part II of Theorem 2t we recall some facts about monodromy properties of the 
qKZB equations. 
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Theorem 28. |[FTV2|| For A E C n such that A 1 + ... + A n = 2m, let v(z t , ... , z n , A) be 

a solution of the qKZB equations with values in V^[0] = (Va 1 <8> . . . <8> V/O[0], step p and 
modulus t. Then for any j = 1, . . . ,n — 1, the function 



j'-i 



is a solution of the qKZB equations with values in (Va x <g> . . . V\ j+l ® . . . ® Va,„)[0] ; 
step p and modulus r. Here pU>3+ 1 ) is the permutation of the j-th and j + 1-th factors, 
and R\ jt \ j+1 (z, A, r) E End (V^ ® ^ e elliptic R-matrix with modulus r. 

Let v denote the fundamental hypergeometric solution associated with A. Let A J 
denote the vector (A 1; A J+1 , Aj, A n ) and v J denote the fundamental hypergeometric 
solution associated with A- 7 . According to Theorem |28|, the V^ [0]®^a[0] - valued function 



j-i 



AA J+ 



^zj+i-Zj, X-2r]^2h (l) ,T)(g)l v(z x ,... ,z j+ll Zj,... , z n , X, fi,T,p) 



i=i 



and the Vfa [0] g) [0]-valued function ip(z, A, /i, r,p) satisfy the same qKZB equations 
in the first factor. 

The next Theorem describes a relation between the two solutions and can be consid- 
ered as a description of the monodromy of the hypergeometric solutions constructed in 
Sec. |2]3| with respect to permutation of variables. 

Introduce a new i?-matrix R a ,b{z, (i>,p) £ End (Va <8> Vb) by 



(47) 



R AB (z,p:,p) 



2iriABz/p 



a(ji) \*/p , / a(ji-2r}(h^ + h^))y/p 

r^OTJ Ra,b^^p)[ — a{ll _ 2r]hW) — ) ■ 



a{fJ,-2r)hW)J 



Theorem 29. ||FTV 2| 

(48) 



U J (z,\,^,T,p) 



1=3+1 



Remark. According to Proposition 12 in | FTV2|| , the matrix Ra,b( z , A^p) is p- 
periodic, 

Ra,b(z + p,fi,p) = R a ,b(z,H,p). 

Hence, formula fl48"|) expresses the solution as a linear combination of solutions t> J 
with p-periodic coefficients. 

Remark. Although we used in ||FTV2|| only weight functions and no mirror weight 
functions, the proof of Theorem |29] is the same as the proof on Theorem 36 in ||FTV2 
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6.3. Proof of Part II of Theorem [2§. For A e C n such that Ai + ... + A n = 2m, 

let v(zi, ... ,z n ,X) be the fundamental hypergeometric solution associated with Vjj. Let 
A v = (A* ...,A^) be defined by (A* „,AJ0 = (A n , A 1; A 2 , ...A n _ x ). Let A : V K -> ^ v 
be the linear operator defined by 

(49) A = riP (1 ' 2) p( 2 ' 3 \..P ( ™ _1 ' n ) . 

Consider the V^ v [0] <8> V^[0] -valued function 

w(zi,...,z n ,X,iJi,T,p) = A <g> 1 ^(2:2,2:3, ...,Z n ,Zl, \,/J,,T,p) . 

Write w in coordinate form w = w u where {ej} is the standard basis in V^ v [0] 

and {ej} is the standard basis in V^[0]. 

Theorem 30. Let n > 1. Let M = (a, k — a, 1713, ...,m n ) and L = (b, k — b, 777.3, 
T/ien 

(50) 

[a]! [i_ fl ]!e 2 « s »^-^iAi+iA-.-P) %J ( Z) r + sr + 2r/(A„ - a - 6), //, r,p) = 
[^l^-^le^^^-^+^+^-^WLj^, r + sr + 2rj(A n - a - b), n,r,p). 



Corollary 31. For any a,b,k, L, M defined in Part II of Theorem 26, the coordinates 



of the hypergeometric solution v = vijej ® ej obey the resonance relation in 

This completes the proof of Part II of Theorem ^6] since ulj is obtained from vlj by 
multiplying with a nonzero factor independent of L or A, see (||). 
Proof of the Corollary. We have 

W[a,k-a,m 3 ,...,m n )j(zu— 1 Z ni T + ST + 2f](A n - a - b), /i, T, p) = 

z-i, r + st + 2r/(a - b),fj,,r,p) 

and similarly for wlj(z, r + st + 2r/(A„ — a — b),fi,T,p). □ 

Proof of Theorem |3"0| . Apply to the function v the transformation of Theorem PH| for 
j = n — 1, then apply to the result the transformation of Theorem ^ for j = n — 2, then 
repeatedly apply the transformations for j = n — 3, 1. The resulting V^ v [0] ® V^[0]- 
valued function w'(z, A, /x, r,p) has the form 



w\z u z n , A, /I, r,p) = RX^' An (z 2 - zi, A, r) P^'lL^ 3 - 21, A - 2r]h {2) , r) ... 

n-2 

4:'iA„(^-^i,A-2r/^^,r)p( 1 ' 2 )p( 2 ' 3 )...p("- 1 '") ® 1 u(z 2 , z n , z x , X,fi,r,p). 



1=2 



By Theorem ^8] the function w' satisfies the qKZB equations in the first factor. In 
particular, w'(zi + p, z 2 , z n ) = Ki(z) Cg> 1 w'(zx, z 2 , z n ). But 

Ki(z) <g> 1 w'(zi,z 2 , ...,z n ) = A <8) 1 u(z2,^,...,Zn,«i,A,Ai,r,p) . 
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Write the function w' in coordinate form, w' — Y] w 'u e i ® e J- By Theorem |29|, for 
any J, the V^ v [0]-valued function w'jjej is a hypergeometric solution of the qKZB 
equations. Hence this function obeys the resonance relations ([45|) of Corollary □ 

6.4. Proof of Part III of Theorem ^6| . The function u m ^ m has the form 

_ jiiA f 

u m , m (\,ii,T,p)=e n ^ / ft(t,T,p,r])uj m (t,X,T)uj m (t,ii,p)dt . 

Here 

711 

il(f. T.p) = JJn 2 ,, m (0- T.p) [ [ Q^2n(ti-tj,T,p) 

j=l l<i<j<m 

and 

ii<L 'ft - *i + 2 ^ M ^ - 2 ^> ' 

Notice that tu m (t, A, r) generates the one-dimensional space F 2 ™ m (0, A), see Sec. PTT| . 

For any function f(t u ...,t m ), let Sym f(t u ...,t m ) = £) aeSm [/(ti, ->0]a be the s y m " 
metrization with respect to the action of the symmetric group S m defined in Sec. |Q| . 
For any a — 0, 1, m introduce functions S a = Sym a a , S„ = Sym a' a where 

( s i-r 0{ti ~ tj) yf g ( A + 2r ?( m ~ a ) + h ~ 2r H 

nO(ti-tj) fr 9(\ + 2r]a + t j -2r]m + 4r}(m- a)) 
0(ti - tj + 277) -1-1 QU _ 2r/m ) 

m—a+l<i<j<m J j=m— a+1 v J ' ' 

and 

x v i-r OjU-tj) fr ^ + 2^ + ^-2^) 

m—a+l<i<j<m J j=m— a+1 J 

-r-i- - ^) fr a 6>(A + 2r](m - a) + ^ - 2r]m + Arja) 

x i^iLa d & - *i + M - 2^) 

m— a m 



TT TT gft ~ tj ~ 2 V) 
11 11 9{U-t , + 277) ' 

1=1 j=m-a+l v 1 J 

It is easy to see that the functions S a , Yf a are elements of the space F^ m (0, A) and 
hence are proportional. 

Lemma 32. For any a = 0, 1, m we have 

(51) [rn}\u m (t,X,r) = [a]\[m - a]\ E a (i, A, r) = [o]![m-a]!E^,A,r) 
where [I] ! is £/&e elliptic factorial. 
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Proof. To prove the formula it is enough to compare the residues of all functions at the 
point (ti, ...,t m ) = (277,47/, ...,277177). □ 

To prove Part II of Theorem it is enough to notice that for a = 1, ...,m and any 
s G S m we have 



^isa^mn-p) e -^{r + sr+2r,a) / Q^p^^far + ^ + 2 V a,T)] a U m {t, fl, P ) dt = 

e _ 7ri ii( r+ST _2r?a) / Q[t,T,p,r])[a' a (t,r + ST-2r]a,r)] s uJ m (t,fi,p)dt. 

For example, for s = id, set F a (t, X, /j, r,p) = e _7r 2r i Q(t,T,p,r])a a (t, X,T)uj m (t, fi,p) and 
F' a (t,\,ix,T,p) = e _7r ^Q(t,r,p,r])a' a (t,X,T)uj m (t,p,,p) . Then we have 

+ p, ...,t m +p,r + st - 2rja, fi,r,p, 77). 

This formula easily follows from the explicit formulas for a a (t, A, r), o^(t, A, r) and trans- 
formation properties of Q(t,r,p) and u(t,fi,p). 

For an arbitrary permutation s G S* m the proof is similar. 

6.5. Resonance relations for reduced coefficients. For A G C n , consider the stan- 
dard basis ej — e 3l Cg) ... ® e-, n in V^. Introduce a new reduced basis by 

F = 1 
J b'i]![j 2 ]!...bn]! J 

where [j]! is the elliptic factorial of j. 

Consider a hypergeometric solution 7^(0, A) = J2j w j{ z i ^) e J °f the qKZB equations 
with values in V^[0]. Using the reduced basis, the solution can be written as w(z, A) = 
J2j Wj(z, A) Ej where its reduced coefficients are defined by 

wj = [h\m\...\jn\\wj. 

Corollary ^ can be reformulated in terms of the reduced coefficients. 

/From now on we will be interested only in the special case of Corollary |27| when the 
integers r, s are equal to zero. We have 

Corollary 33. The reduced coefficients of a hypergeometric solution obey the resonance 
relations 

3-1 

(52) W M (z, 27 7 (A j - a - b + ^(A, - 2m,))) = 

l=i 

3-1 

W L {z, 27 7 (A i - a - b + J2( A i - 2m i))) 

1=1 
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for j, a, b, k, L, M defined in Part I of Theorem and the resonance relations 

(53) W M (z, 2 V (a - b)) = W L (z, 2 V (b - a)) 

for a, b, k, L, M defined in Part II of Theorem \2Q. 

Consider a relation of Corollary |33| involving a coefficient Wm{z, 2rjk) where k is either 
Aj-a-b + ECi( A «-2™z) 

or a — b. Assume that the pair of indices M, L in a relation 
of Corollary ^ is ordered from M to L, then a relation will be called a transformation at 
level k from Wm to Wl- The transformation in (|5^) will be denoted Tj(k), j = 1, n— 1, 
and the transformation in (p3|) will be denoted T n (k). 

If M = (mi,...,m„) and j < n, then the transformation Tj(k) can be applied to 
Wm{z, 2t]k) if there exists an integer a such that 

(54) a G {0,iiij + mj +1 ] — {raj}, 

j-i 

(55) y^(A; - 2mi) + Aj - rrij - a = k . 

i=i 

Thus, 

j-i 

(56) a = ^(A/ - 2mi) + Aj - rrij - k . 

i=i 

The result of the transformation Tj(k) is the index 
(57) 

3-1 3 

L = (mi, ...,rrij-i, ^(A; - 2m t ) + Aj - rrij - k, m j+1 + k - ^(A ; - 2m/), m j+2 , m 
z=i «=i 

and the value W^{z^2r\k\ 

If M = (mi, ...,m n ), then the transformation T n {k) can be applied to WM(z,2rjk) if 
there exists an integer a such that 

(58) a G [0,m n + mi] - {m n } , 

(59) m n — a = k . 

Note that equation (|59|) can be written as Ym=i(^i ~ 2m^) + A n — m n — a = k similarly 
to©. 

The result of the transformation T n (k) is the index 

(60) L = (mi + k,m 2 ,.... ) Tn n -i,m n — k) 
and the value Wi(z, —2r\k). 
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7. Regularity and Resonance Relations 

7.1. Statement of results. Hypergeometric solutions are functions holomorphic with 
respect to variable A. At the same time they satisfy the qKZB equations, v(zi, ...,Zj + 
p, z n ) = Kj(zi, z n , T,p)v(zi, z n ), where the qKZB operators Kj have poles with 
respect to A. Also if v(z%, z n ) is a hypergeometric solution with values in Va x <8> 
... ® V An [0], then for any j = 1, . . . , n - 1, the function pC?\i+i) R^f^lt^j+i ~ z v X ~ 
2r] X^Ci h®, t)v(zi, . . . , Zj+i, Zj, . . . ,z n ,X) is a hypergeometric solution of the qKZB 
equations with values in {Va 1 <E> • • • Va j+1 <8> Va j . . . <8> Va„)[0]. The R-matrix has A-poles 
while the new solution remains holomorphic with respect to A. To preserve the A- 
holomorphy under the action of these transformations a function has to possess special 
properties. In this Section we show that these properties are the resonance relations 
discussed in Section |. 

Let n > 1 be a natural number. Let A = (Ai, . . . , A n ) G C n be such that Ai + ... + 

A n = 2m for some natural number m. Let u(X) = J2 mi+ ... +mn=m u mi mn (A) e mi <g> 

... g) e mn be a V^[0]-valued holomorphic function of A. Let j be a natural number, 
1 < j < — 1. Let (zi, z n ) G C n . We say that the function w(A) obeys £/ie resonance 
relation Cj with respect to the vector A at the point (zi, z n ) if the following holds. Let 
mi, rrij-i, k, mj +2 , m n be any non-negative integers such that mi + ... + m^-i + 
fc + rrij +2 + ... + m n = m. Let a, 6 be any integers such that a ^ b, < a,b < k. Let 
M = (mi, 77i 3 -_i, a,k — a, rrij +2 , ...,m n ) and L = (mi, rrij-i, b,k — b, nij +2 , m n ). 
Then we require that 

(61) 

j'-i 

[a]! [A; - a]! ^afe+i-^+^+i+r^-) + sr + 2r/ (A j . _ a - 6 + ^(A, - 2m,))) = 

i-i 

[6]! [Jfe - &]! e 2^ S 6fe+i-^+^ +1 +^) ML ^ r + sr + 2rj{Aj - a - b + ^(Ai - 2mi))) . 

i=i 

We say that the function u(X) obeys the resonance relation C n with respect to the vector 
A at the point (zi, z n ) if the following holds. Let m 2 , m n _i, be any non- negative 
integers such that m 2 + ... + m n _i + k = m. Let a, b be any non-negative integers that 
a 7^ b, < a, b < k. Let M — (k — a, m 2 , m n _i, a) and L = (k — b, m 2 , m n _i, 6). 
Then we require 

(62) 

[a}\ [k - a}\ e 2« s a( zl -^ +7? A 1+77 A n - P ) MM ( r + ST + 2r] ( a _ b ^ = 

[b]\ [k - 6]! e ^isHzi~*n+vM+r,A n -p) Ul{t + ST + 2r] (b - a)) . 
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For z G C and 1 < j < n — 1, we introduce an operator Sj(z) : ^ r (VA lv .. i A n ) — ► 

^ r (VA 1 ,...,A J _ 1 ,A J+1 ,A„A J +2,...,An) b y 

3-1 

sj(zHX) = P^R AjAj+1 (z,X- 2r,Y J h^ +l \{\) . 

z=i 

Theorem 34. Lei n > 1 &e a natural number. Let A = (Ai, . . . , A n ) be a generic vector 
inC n with property Ai+...+A„ = 2m for some natural number m. Let (z\, z n ) G C n be 
a generic point. Suppose that a V^[0}-valued function u(X) is holomorphic and obeys the 
conditions Ci, I = 1, n, with respect to the vector (A 1; . . . , A n ) at the point (z%, z n ) . 
Then 

I. For 1 < j ' < n — 1, the function Sj(zj — Zj + i)u(X) is holomorphic and obeys the 
conditions Cj, I = 1, ...,n, with respect to the vector (A 1; A J+1 , A^, A n ) at the 
point (zi,...,z j+1 ,Zj,...,z n ). 
II. For 1 < j < n, the function Kj(zi, z n , r, p)u(X) is holomorphic and obeys 
the conditions Ci, I = l,...,n, with respect to the vector (Ax,...,A„) at the point 

(^1, Zj—ij , Zj + p, Zj+i, Zn) . 

Conversely, suppose that for some generic vector (Ai, A n ) with Ai + ... + A n = 2m, 
generic point (zi, ...,z n ) G C" and a holomorphic V^[0}-valued function u(X) we have the 
following properties: 

a) For any 1 < j < n—1, the function Sj(zj — Zj + i)u(X) of X is a holomorphic function 
ofX. 

b) The function fG^i, z n )u(X) is a holomorphic function of X. 

Then u(X) obeys the conditions Ci, I = 1, ...,n, with respect to the vector (Ai, A n ) at 
the point (zi, z n ). 

Remark. The vector (Ai, A n ) is generic if all A-poles of the R-matrices appearing 
in the proof below are simple. The point (z±, z n ) is generic if all R-matrices Rk^k^zi — 
Zj (+p), X) appearing in the proof below are well defined meromorphic functions of A. 

7.2. Proof of Theorem ||. Let A v = (A n , A 1; A 2 , A n _ x ). Let A : V K -> V Kv be the 
linear operator defined by A = r 1 P^P ( - 2 ' 3 \..P ( - n ~ l ' n \ 

We have Sj(z)sj(— z) = Id, by the "unitarity" of the i?-matrix. 

Lemma 35. Let z = (zi, ... , z n ) G C n . Then the j-th qKZB operator can be written as: 

Kj(z, r,p) = Sj^Zj - +p) ■ ■ ■ s 2 (zj - z 2 + p)s 1 (z j - Zi+p) 
A s n -i(zj — z n ) ■ ■ ■ Sj(zj — Zj + \). 
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Proof. Recall that if we set Rjk = R(zj — Zk(+p), A — 2rj ^, <fe ^ h"'), where we add p 
only if k < j, and Rj k = P( j ' k ^Rj k , then 

Kj ( z > T iV) = Rjj-i ■ ■ ■ Rji^jRjn ■ ■ ■ Rjj+i 

= P IJ '7^ i • • ■ pWRjxTjPVriRjn ■ ■ ■ P {j ' j+1) R jj+1 

= Sj-^Zj - Zj-i +p) ■ ■ • Si{Zj - z x +p) 

pUd-D . . . pU,l) Vj pU,n) . . . pUd+D Sn _^ Zj - Zn )... Sj ( Zj - Zj+1 ). 

We have moved the p( J,fc ) to the middle using the rule P^X^ = X^P^ k \ Using the 
same rule to move puj'-i) to the right, we obtain 

pO'j-i) . . . p(j>i)p p0» . . . pO'j+i) — p0'-i>i-2) . . . pO'-i,i)p_ ; ._ 1 p(i- 1 .™) . . . pO'-i.i) 

This expression is therefore independent of j, and can thus be replaced by its value at 
j = 1, which is, by definition, A. □ 

Lemma 36. Let (Ai,...,A„) be a generic vector. Let (zi,...,z n ) G C n be a generic 
point. Let u(X) be a holomorphic function with values in Vt. Let 1 < j < n — 1. Then, 
Sj(zj — zj + i)u(X) is holomorphic if and only if u{\) obeys the condition Cj with respect 
to the vector (Ai,...,A n ) at the point (zx,---,z n ). 

Proof. For generic A^, A J+1 , the R- matrix R\ jt \ j+1 (zj — Zj +1 , A — 2rjJ2i=i h®) has only 
simple A-poles. The kernel of the residue of this matrix at a A-pole is described in 
Theorem [17]. It follows from Theorem |T7| that a function w(A) obeys the condition Cj 
with respect to the vector (A 1; A n ) at a point (z\, z n ) if and only if for any A-pole 
Ao of Rx h K j+1 {zj — Zj + \, A — 2tjYJi=x h®) the vector u(\q) belongs to the kernel of the 
residue of RA-,A +1 ( z j — Zj +1 ,X — 2rj^j' l ~^h^) at A . Thus the function i?A ,A + i(% — 
Zj + i,X — 2i] Yui=x h®)u(\) is holomorphic if and only if u(X) obeys the condition Cj. 
The Lemma is proved since Sj = PR and the permutation P is regular. □ 

Lemma 37. Let 1 < k < n — 1. Ifu(X) is a holomorphic function with values in and 
obeys the condition C k with respect to the vector (A 1; A n ) at a generic point (zx, z n ), 
then for any j the function Sj(zj — Zj + x)u(X) obeys the condition C k with respect to the 
vector (Ai, Aj +1 , Aj, A n ) at the point (zx, Zj + i, Zj, z n ). 

Proof. The only non-trivial cases are when \j — k\ < 1. 

Let j = k. By Lemma |36|, Sj(zj — Zj + i)u(X) is holomorphic and Sj(zj + x — z j) s j( z j ~ 
Zj + i)u(X) = u(X) is holomorphic. Hence by Lemma |36|, Sj(zj — Zj + i)u(X) obeys Cj. 

Let j — k + 1. The fact, that Sj(zj — Zj + i)u(X) satisfies the condition Cj + i if u(X) 
satisfies the condition Cj+i, follows from identities ( p2[ ) and is similar to the proof of the 
identities (|2|). 

The case j = k — 1 follows from identities (|33D. 

□ 
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Lemma 38. If it(A) is a holomorphic function with values in and obeys the con- 
dition C n with respect to the vector (Ai,...,A n ) at a generic point (zi,...,z n ), then for 
any j the function Sj(zj — Zj + \)u(X) obeys the condition C n with respect to the vector 
(Ai, Aj+i, Aj, A n ) at the point (z u ...,z j+1 ,Zj, ...,z n ). 

Proof. The statement is trivial if 2 < j < n — 2. Suppose that j = 1, and let 

«(A)= £ 

mi,rri2,m n 

with M mi , m2 , m „(A) G VXa ® ••• ® ^An-i- Let 

v(A) = - «2)tt(A) = £ e fa ® e Zl <8>^ 2 ^, OT „(A) ® e OTn , 

J2,ii,m n 

where 

( 63 ) v h,h,m n W= 53 ^.Aa^l - 22, A)^f m2 Wmi,m 2 ,m„(A). 

mi ,m 2 

Our goal is to prove the identity 

(64) [^IMle^-^-^+^+^-^^^^Jr + sr + 2 V (m n - m n )) = 

[r2]![m„]!e 2 ™™^- 2 « + ' ?A2+ ' ?A »- ? '^ r2)Zl)??ln (r + sr + 2r ? (m„ - m n )) 

for any i x , Z 2 , hi fn-n^n- Using (j63|) , we can rewrite (|64]) as 

(65) [l 2 ]\[m n }\e 2nismn(z2 ' Zn+vA2+riAn ~ p) x 



^Ra^a^Z! -z 2 ,r + sr+ 2r}(l 2 - h^ll'+t 



v 

2— m 2 ,m 2 



)/12 



Ui 1+ i 2 -m 2 , m2 , mn (r + sr + 2r](m n - m n )) 
[l 2 ] ! [^n] ! e 27 ™ sr ™ n ^ 2 _Zn +r,A ' 2 +r ? A « -p) x 

5>W*i - + sr+ 2 V (l 2 - f 2 ))^ 2 _ m2im2 x 



f/12 



\+i 2 - m2 , m2 ,m„ (r + sr + 2r?(m n - m n )). 



Now (|65|) follows from identities (|32|) and the condition C n for the function u(X). 
A similar consideration shows that the Lemma holds also for j = n — 1. □ 



Lemma 39. Let u(X) be a meromorphic function with values in Vr. Then for any 
j = 1, ...,n, the function Au(X) is holomorphic and obeys Cj with respect to the vector 
(An, Ai, A 2 , A n _i) at the point (z n + p, z±, z n -i) if and only if the function u(X) 
is holomorphic and obeys Cj-i with respect to the vector (A 1; A 2 , A„) at the point 
(z 1 , z 2 , z n ) (where C = C n ). 
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The Lemma is proved by direct verification. 

The proof of Theorem |34] can be concluded. It follows from Lemma |36] that if u(X) is 
holomorphic and obeys the conditions C\, C n , then the functions Sj(zj — Zj + i)u(X) are 
holomorphic and obey C\, C n . Using the fact that Kj(z\, . . . , z n ) can be expressed 



through Sk(z) and A (Lemma [35]), we deduce that the functions Kj(z±, . . . ,z n , r,p)u(X) 
are holomorphic and obey C 1; C n . 

Now we prove the "conversely" part. By Lemma |36|, the function u(X) obey condi- 
tions C\, C n _i with respect to the vector (Ai, A n ) at the point (zi, z n ). We have 
K 2 (z 1 , ...,z n ,r,p) = si(z 2 - Zi + p)As n _i(z 2 - z n )...s 2 (z 2 - z 3 ). For j = 2, ...,n-l, 
set Vj(X) = Sj(z 2 — Zj+i)...s 2 (z 2 — z 3 )u(X). By Lemmas ^ and [J7|, the functions 
v 2 (X), f n _i(A) are holomorphic and the function t> n _i(A) obeys Ci, C n ^\ with re- 



spect to the vector (A l5 A 3 , A n , A 2 ) at the point (z\, z 3 , z n , z 2 ). By Lemma |39|, 
the function At> n _i(A) is holomorphic and obeys C 2 ,...,C n with respect to the vector 
(A 2 , Ai, A 3 , A n ) at the point (z 2 +p,z 1} z 3} ...,z n ). The function s 1 (z 2 -z 1 +p)Av n _ 1 (X) 
is holomorphic. By Lemma [36|, the function At> n _i(A) obeys C\ with respect to the vector 



(A 2 , Ai, A3, A n ) at the point (z 2 +p, zi, z 3 , z n ). By Lemma |39|, the function v n _i(X) 
obeys C n with respect to the vector (Ai, A 3 , A n , A 2 ) at the point (z\, z 3 , z n , z 2 ). 
By Lemma the function t> n _ 2 (A) = s n -i(z n — z 2 )v n -x(X) obeys C n with respect to 
the vector (Ai, A 3 , A n _i, A 2 , A n ) at the point (z\, z 3 , z n -x, z 2 , z n ). Repeating this 
procedure we conclude that u(X) obeys C n with respect to the vector (A 1; A n ) at the 
point (zi,...,z n ). The "conversely" part is proved. 

8. Remarks on Semiclassical Limit of Resonance Relations 

We consider the semiclassical limit of the resonance relations in the simplest nontrivial 
case. Let n — 1, A = 2m. The universal hypergeometric function u associated with A is 
a scalar function. The resonance relations are u(2r)a, /i, r, p, r], A) = u(—2r]a, /i, r, p, rj, A) 
for a = 1, m. 

Lemma 40. Let v(X,rj) be a smooth function such that for small rj we have v(2r)a,r]) = 
v{— 2rja, rj) for a — 1, m. Then 

dv d 3 v d 2m ~ l v 

^(0,0) = — (0,0) = ... = --^(0,0) = 0. 



3X y ' ' <9A 3V ' ' " OX 2 

■ 1 1 ( A I — 'iu — \ l nn& n nolo 



Moreover, for the anti- symmetric function Av(X) = v(X) —v(—X) we have ^^r(0, 0) = 
for a = 0, 1, 2m. 

Proof. 

}2m-l„, 1 fc=2m-l 



2 aA^ ( °'° ) = lim ^°(2^ ( ( k )v(2v(m-k),rj) + 

k=2m-l , _ x 
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It is easy to see that the expression in the parentheses can be written as Y^Ja=i c a(v(2i]a, rj)- 
v(—2i]a, 7] j) for suitable coefficients c a . Thus the expression is zero. The other equalities 
to zero are proved similarly. □ 

The semiclassical limit of the qKZB equations is the limit r],p — ► with p/r] — —2k 
fixed. In this limit the qKZB equations after a suitable normalization turn into the KZB 
differential equations [|FW| , |FV5f ■ In the classical case, in addition to the KZB equations, 



that are associated to the variation of the marked points on the elliptic curve, one also 
has an equation associated to the variation of the modulus r of the elliptic curve. This 
additional differential equation, compatible with the KZB equations, is called the KZB 
heat equation (its difference version is suggested in [ F V3|| ) . For example, if n = 1 and 



A = 2m, then the heat differential equation takes the form 

du d^u 

(66) 2-KiK— — — m(m + 1) p(A, t)u 

where p is the Weierstrass function. The Weierstrass function is an even function of A 
with second order pole at A = 0. The solutions of the heat equation in the neighborhood 
of A = are meromorpchic functions. The Weyl reflection A — > — A preserves the 
equation and acts on the space of solutions. If m is even, then a A-odd solution has a 
A-pole of order m at the origin and a A-even solution has zero of order m+1. If m is odd, 
then a A-even solution has a A-pole of order m and a A-odd solution has zero of order 
m+1. Change the variable in (^), w = 6(X, r) m u. Then the Weyl reflection still acts 
on the space of solutions of the transformed heat equation. Any A-meromorphic solution 
of the transformed heat equation is now regular at the origin. Its Taylor expansion has 
the form w(X,r) = Y^k=o w 2ki T )X 2k + J2k>2m w k{ T )X h , and the Taylor expansion of a 
A-odd solution of the transformed equation has zero of order 2m + 1. 

It is expected that the semiclassical limit of the universal hypergeometric function 
u(X, fj,,r,p,r), A) after multiplication by a suitable function of r will give solutions of 
the transformed heat equation (depending on fi as a parameter). Lemma HO shows that 



the semiclassical limit of resonance relations turn into the regularity properties of the 
solutions of the heat equation. 

Equation (|6~6"D can be considered as the equation for horizontal sections of a connection 
over the upper half plane whose fiber is the space of functions of A. If k is an integer, 
then the connection has an invariant finite dimensional subbundle of conformal blocks 
coming from conformal field theory. The subbundle consists of Weyl anti-symmetric 
theta functions satisfying the vanishing conditions that we find in the semiclassical limit 



of our resonance relations, see [FG|, [FW], |EFK 



9. The Weyl reflection 

9.1. The Weyl reflection, R-matrices and qKZB operators. For a positive integer 
A, let L\(z) be the A + 1 dimensional E T , n (sl2) evaluation module with the standard 
basis ej, j = 1, A. Introduce a new basis Ej by Ej = ej/[j]\ where [j]! is the elliptic 
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factorial. Define an involution 

s A : L A ^ L A , Ej i— > E A _j, for j = 0, ...,A. 

Theorem 41. For natural numbers A%, A^, the R-matrix R Ai ,a 2 (z\—Z2, A) G End (-^Ai(^i)® 
^(^2)) obeys 

(67) i?Ai,A 2 (^l - ^2, -A) S Al <S> Sa 2 = SA a ® S Aa i^Aa^l _ z 2, A) • 

Let A = (Ai,...,A n ) be a vector of natural numbers. Consider the qKZB equations 
with values in L^[0] and the corresponding qKZB operators Ki(z,r,p) acting on the 
space JF(L^[0]) of meromorphic functions of A G C with values in the zero weight space 

Define the Weyl reflection S : J"(L x [0]) -> ^(£^[0]) by 

(68) (S/)(A) = s Al ®...®s An /(-A). 

Theorem 42. For a// i, the qKZB operators obey the relation 

(69) SKi(z,T,p) = K i (z,r,p)S. 

The Theorem is a direct corollary of ( |57|) and the obvious relation £ r, = I\ 5. 

Corollary 43. If u is a solution of the qKZB equations, then Su is. 

9.2. Proof of Theorem Hll The Theorem is proved by induction on highest weights 
Ai, A2. First we prove some properties of R- matrices. 

Let V, W be representations of E T)V (sl2) with L-operators Ly G End (C 2 <g> V) and 
Lw G End (C 2 ® W). An R-matrix Rv,w(X) G End (V ® W) is an operator depending 
on A and such that Rv,w(^)Pv,w is an E TjV (sl2) intertwiner from W ®V to V ® W, thus 

R vw (\)^P vw L w (z, A - 2 v hWy i2) L v (z, A) (13) = 
M*. A - 2 v h^L w (z, X)^R VW (X - 2 v h^P vw . 
So the relation determining R is 

R vw (X)^L w (z, A - 2r^ 2 ))( 13 )M^, A) (12) = 
L v {z, A - 2nh^f 12) Lw(z, \)^R VW (X - 2nh^)^ ] '• 

Lemma 44. Let Vi,V2,V^ be representations of E T>v (sl2) ■ Then 

Rv.y^vM = R Vl ,v 2 (X - 2n/ i ( 3 ))( 12 )£V 1 ,v 3 (A) (13) 
zs an R-matrix for representations V±, V% ® V3 and 

% 8 %,%(A) = ^,w(A) CB) i2 H ,vi(A - 2n/^)( 13 ) 
an R-matrix for representations V\ <g) V2, V3. 
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Proof. We prove the first relation. 

L Vl (z, X - 2 V (h^ + h^))^L V2 ^ Vs (z, X)^R Vl y 2m3 (X - 2 V h^f^ 
= L Vl {z, X - 2 v (h^ + h^))^L V2 (z, X - 2 v h^)^L V3 (z, X)^ 
x R VuV2 (X - 2 v (h^ + h^R Vl , V3 (X - 2 v hV)W 
= L Vl (z, X - 2 V (h® + hW))WLv a (z, X - 2 v h^Y 13) 
xR VuV2 (X - 2 v (hW + h^)^Lv a (z, Xf 4) R VuVi (X - 2^)^ 
At this point it is easy to move the R- matrices to the left, with the desired result. □ 

For a positive integer A, let L A (z) be the A + l dimensional E TjV (sl2) evaluation module 
with the basis Ej, j = 1, A. Then Theorem 10 in ||FV1|| says that the map 



k-l 



j A : L A+1 {z) ^L x {z- r]A) <g> L A (z + 77), E k ^ ^Ei®E, 

i 

define an embedding of E TiV (sl2) modules. 

Lemma 45. For natural numbers Ai,A2, let R AltA2 (z,X) G End {L Al (g> L\ 2 ) be the 
R-matrix constructed in Sec. [|. Then the R-matrix R AliA2 (z,X) obeys the recursion 
relations 

j Al ® 1 R Al+1M (z, X) = R AlM {z + 77, X) {23) R 1M {z - r)A x , X - 2rjh^Y 13) j Al <g> 1, 
1 ® JA 2 R Al , A2+ i(z, X) = R Au i{z + r/A 2 , A - 2r]h {3) ) {12) R AlA2 (z - rj, A) (13) l ® j M . 
Proof. The Lemma follows from Lemma [44| and the normalization property R Aj m(z, X) E & 

Eq = Eq® Eq. □ 



Now Theorem |41] is proved by induction in Ai, A 2 . For Ai = A 2 = 1 it is checked by 



direct calculation. The general case follows using 

(si <g> S A ) o j A = j A+1 o s A+1 . 

10. Vanishing conditions for hypergeometric solutions with values in 

finite dimensional modules 

10.1. Fusion rules for sZ 2 . For a non- negative integer a, let L a denote the finite di- 
mensional sZ 2 -module with highest weight a. Let a, b, c be non-negative integers. We 
say that a, b, c obey the fusion rules for s/ 2 if the s/ 2 -module L a ® Lb contains L c as a 
submodule. It means that a — b G {— c, — c + 2, c — 2, c} and c < a + b. If the triple 
a, b, c obeys the fusion rules, then each of its its permutation does. 

Let A = (Ai,...,A n ) be an n-tuple of positive integers. Let a = (ai,...,a n ) be an 
n-tuple of integers. We say that a obeys the fusion rules for s/ 2 with respect to A, if 
ai,...,a n are non- negative and for every j = l,...,n, the triple Oj_i, aj, Aj obeys the 
fusion rules. Here we assume that a = a n . 
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Define the weight vector, w(a) = (wi, w n ), of an n-tuple a by Wj = aj — Oj_i. The 
n-tuple a obeys the fusion rules if and only if for every j, we have Wj G {— Aj, —Aj + 
2, Aj — 2, Aj} and Aj < aj + Oj_i. 

If (ai,...,a n ) obeys the fusion rules with respect to A, then (ai + l,...,a n + 1) also 
obeys them. 

Let w = (wi,...,w n ) be an n-tuple of integers such that W\ + ... + w n = and 
Wj G {—Aj, —Aj + 2, Aj — 2, Aj} for all j = 1, ...,n. We call w a weight vector. The 
vector — w will be called the weight vector dual to w. 

For a weight vector w, define an n-tuple E(w) = (E 1 , S n ) by the rule E- 7 = Yji=i w j- 
Note that E n = 0. 

It is clear that there exists a (non- negative) integer k(w) such that for every integer 
k the n-tuple (E 1 + k, E n + k) obeys the fusion rules with respect to A if and only 
if k > k(w). The integer k(w) will be called the shift number associated with a weight 
vector w. Every n-tuple obeying the fusion rules has the form E(to) + (k,...,k) for a 
suitable weight vector w and a non-negative integer k. 

10.2. Vanishing conditions and fusion rules. Let A = (Ai,...,A n ) be a vector of 
natural numbers, Ai + ... + A n = 2m, and let v(z, A) be a hypergeometric solution of 
the qKZB equations with values in Vj[0] in the sense of Sec. Write the solution in 
coordinates, 

v(z, A) = 22 v m(z,\)E m 

M, \M\=m 

where {E M } is the reduced basis in V^[0). The following Theorem describes the resonance 
relations for admissible coordinates of the hypergeometric solution. 

Let M = (mi, ...,m n ) be an admissible index, mj < Aj for all j. Let wm = (Ai — 
2m\, A n — 2m n ) be the f) -weight vector of the basis vector Em and -% the weight 
vector dual to %. The weight vector -% is the h -weight of the basis vector E s (m), 
s(M) = (Ai — mi, A n — m n ). Let k{wM) and k(—WM) be the shift numbers defined 
in Sec. gg^ 

Consider the resonance relations of Corollary [33] involving the coefficient vm{z, A). 
Since A is a vector of natural numbers, in any such a relation we have A = 2r]k for a 
suitable integer k. 

Theorem 46. 

Let M = (mi, ...,m n ) be an admissible index. 

I. If k > k(—WM) or k < —k(wM), then there is no resonance relation of Corollary 

P?3| involving Vm( z, 2nk ) . 
II. If k £ [—k(wM), k(— Wm)], then the resonance relations of Corollary |ff3| imply the 
relation 



v M (z, 2r)k) = v s ( M )(z, -2rjk). 
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Consider a hypergeometric solution v(z, A) of the qKZB equations with values in 
L^[0] in the sense of Sec. |5.3| . Any such a solution has the form v = ttv, where v is 
a hypergeometric solution of the qKZB equations with values in V^[0] and 7r : Vj[0] — > 
Lfi[0] is the canonical projection. Consider the anti-symmetrization, 

Av(z, A) = v(z, A) - Sv(z, A) = v(z, A) - s Al <8> ••• <8> s An #(2, -A), 

of v with respect to the Weyl reflection. By Theorem 51, AO is a solution of the qKZB 
equations. Write Av in coordinates, 

Av(z, A) = 2j Av M (z, X)E M . 

admM, \M\=m 

Corollary 47. (Vanishing Conditions) For any (admissible) index M and any inte- 
ger k G [— k{wM)i k(— wm)}, we have 

Av M (z, 2i]k) = 0. 

In other words, let M = (m lr ..,m n ) be an admissible index. Let w = (wi, w n ), 
Wj = Aj — 2m j, be the 1) -weight of the basis vector Em- Form the sums S J = Yjl=i w j- 
Let A; be a non- negative integer. Corollary |47| says that Avm(z, 2r]k) = unless the 
vector 

+ jfe - 1, -E 2 + jfe - 1, -S n + k - 1) 

satisfies the s/ 2 fusion rules with respect to (Ax, ...,A n ) and Av M (z, —2r]k) = unless 
the vector 

(E 1 + jfc - 1, E 2 + jfe - 1, E n + k - 1) 

satisfies the SI2 fusion rules with respect to (A 1; A n ). In particular, Avm{z, 0) = 
since E™ = 0. 

Remark. Corollary |47] has an analog for the case when n = 1, A = 2m. Namely, let 
u = w mm (A, /i, r,p)e m (g)e m G V^[0](S>V^[0] be the corresponding universal hypergeometric 
function. Define the Weyl anti-symmetric function Au(X, //, r, p) = (u mm (X, //, r,p) — 
M mm (— A, /i, r,p))e m <8> e m . Then for all = — m, — m + 1, m — 1, m we have 

Au(2r]k, ji, r,p) = 0, 



see Part III of Theorem |26. 
10.3. Proof of Theorem |4_5L 

Lemma 48. If k > k(—WM) or k < —k(wM), then there is no resonance relation of 
Corollary [53| involving %( z, 2r]k ) . 

Proof. For a given integer k, a relation involving 2r/fc ) exists, if for some j G [1, n], 

there is a G [0,mj + mj+i] — {mj} such that 

i-i 

(70) 5^( A ' ~ 2m ^ + Aj -mj - a = k. 

1=1 
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Let k > itfAf)- It means that for all j = 1, ...,n we have 

3-1 3 
(- ^(A, - 2m,) + k) + (- ^(A, - 2m ; ) + fc) > A,, 
i=i i=i 

Here = mi. This is equivalent to 



3-1 



k > j2( A i - 2m i) + a j - 



i=i 



This inequality contradicts (ffO|). 

Let k < — kiwu)- It means that for all j = 1, ...,n we have 

i-i 3 

(^(A, - 2m ; ) - fc) + (^(Aj - 2m ; ) - k) > A y 
i=i i=i 

This is equivalent to 

fc < ^(A; - 2mi) + Aj_i - m 3 _i - (m 3 -i + m 3 ) . 
j=i 

This inequality contradicts fl70|). □ 

Lemma 49. If k G i/ien either there is a resonance relation of 

Corollary involving Vm(z, 2rjk) or k = 0, all Aj, j = l,...,n, are even, M = 



(Ax/2, An/2), s(M) = M and we have the statement of Theorem\[Q, Vm(z, 0) 
v s (m)(z, 0). 

Proof. There are only four cases. We prove the Lemma for each of them. 

1. For all j G [l,n], 

3 

(71) J2^ Al - 2m; ) < k - 

i=i 

2. For all j G [l,n], 

3 

(72) ^(A, - 2m,) > k. 

i=i 

3. There is j G [l,n], such that 

3-i 

^(A, - 2™/) = k. 
i=i 
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4. There is j G [1, n), such that 

i-i j 

^(A, - 2m/) > k > ^(A, - 2m i) ■ 

i=i i=i 

In case 1, we have < k < ium)- This means that there is j G [l,n] such that 

j'-i j 
(- £(A, - 2m;) + k) + (- ^(A, - 2m,) + fc) < Aj, 
i=i i=i 

which can be rewritten as 

i-i 

fc < ^(A, - 2m/) + Aj - rrij . 
i=i 

Combining with ( [71] ) we get 

i-i i-i 

^(A, - 2m/) + Aj - 2m j < k < ^(A, - 2m/) + Aj - m,- . 
i=i i=i 

Hence there is a G [0, rrij) such that 

j-i 

^^(A, — 2m/) + Aj — rrij — a = k. 
i=i 

Then there is a relation involving 2?]/c) corresponding to this equation. 

In case 2, we have — k{wM) < k < 0. This means that there is j G [1, n] such that 

j-i j 

(^(A, - 2m/) - fc) + (^(A, - 2m/) — k) < Aj, 
i=i i=i 

which can be rewritten as 

3-2 

k > ^^(A/ — 2m/) + Aj_x — m^-i — (m 3 -_i + m^) . 

i=l 

Combining with ([72] ) we get 

j-2 i-2 

^(A/ - 2m/) + Aj_i - 2mj_i > k > ^(A, - 2m/) + Aj-_i - rrij-x - (m 3 -_i + rrij). 
i=i i=i 

Hence there is a G (rrij -i, rrij -i + rrij] such that 

i-2 

^(A/ - 2m/) + A 3 -_i - mj_i - a = k. 
i=i 

Then there is a relation involving 277A; ) corresponding to this equation. 
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In case 3, either k = and M = (Ax/2, A n /2) or there is j G [1, n) such that 

j i+i 

^(A, - 2m,) = k > J2( A i ~ 2m i) ■ 
i=i i=i 

In the last case, we have < A J+1 — mj + % < rrij + i and a relation of Corollary ^ 
corresponding to the equation 

j 

J^(A, -2mi) + A j+1 - m j+1 - (A j+1 - m j+1 ) = k . 
i=i 

In case 4, there is a G [0, mj) such that 

i-2 

^(A ? - 2m;) + Aj_i - m^_i - a = k, 
i=i 

and then there is a relation of Corollary [33] corresponding to this equation. □ 

Lemma 50. Let k G [— !;(%), %)] and for all j G [l,n] ; 

j 

(73) ^(A* - 2m ; ) < fc. 

Then there is a sequence of relations of Corollary implying vm(z, 2rjk) = v s (m){z, —2r]k 



Proof. By Lemma [49], there are j G [1, n] and a G [0, + ttt^+i] — {^j} such that 



i-i 

(74) X^ A/ ~ 2m ^ + A J - m j ~ a = k - 

i=i 

Here a = + X)z=i(Az ~ 2m/) — k. This means that the transformation Tj(k) can 
be applied to VM(z,2r]k), see Sec. |S~5| . We prove that the product of transformations 
Tj_i(—k)...T 2 (—k) Ti(—k) T n {k) ... Tj + i(k)Tj(k) can be applied to Vm (z, 2r]k) and gives 
v s (M)(z, -2r]k). 

We assume that 1 < j < n, the proof for j = n is similar. 

For all i, define S 8 by S l = ^ =1 (A/ — 2m{). Equation ( |74| ) implies a relation 

Vm{ Z, 2f]k ) = f (mi,...,mj_i,mj + £J - k,m j+1 - EJ +fc,mj +2) ...,m»)( z ; 2r)k). 

We have an equation 
(75) 

S^'" 1 + Aj - 2(mj + S J ' - fc) + A i+ i - (m i+1 - X j + k) - (A j+1 - m j+1 ) = k , 
and assumption (|73f) implies 

(76) (Aj+i - rrij+i) < m j+1 - S- 5 + k . 
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Formulas (|75|) and (|7^) imply a relation 

v (mi,...,rnj- 1 ,rrij — k,m j+1 —& +k,rnj + 2,...,m n ){ z : 2f]k) 
'V(mi,...,Tnj-i,rnj+Y;i —k, Aj+i— rrij+i , rrij+2— £ J+1 +fc, rrij +3,..., m n ) ( ^1 2rjk ) . 

Now we continue the same way and get 

Vm{Z, 2r]k) = t'( mii ... imj _ limj +SJ_fc,A i+ i-m j+ i,...,A n _i-m n _i,m n -S"- 1 +fe)( z , 2fjk) . 

We have an equation 

(77) (m n - S"- 1 +k) — (A n - m n ) = k , 
and assumption (|73| ) implies 

(78) (m n - S"- 1 + fc) - (A n - m n ) > . 
Formulas (|77|) and (|7|) imply a relation 

u m(^> 2?7A; ) = V ( mi +k,rn 2 , ...,m j - 1 ,rn j +Y:i -k,A j+1 -rn j+1 ,...,A n -rn n )( z , ~~ 2l]k) . 

We have an equation 

(79) Ai - (mi + k) - (Ai - mi) = -k, 
and assumption ( ]75| ) implies 

(80) (mi + fc) - (Ai - mi) > 0. 
Formulas (|79|) and (^TJ) imply a relation 

Vm(z, 2?]fc ) = ?'(A 1 -mi,m2+fc-I] 1 ,m3,...,m j _i,m i +EJ-(;,A j+ i-mj + i,...,A„-m„)( z i —2r)k). 

Continuing this way, we get 

Vm{ Z, 2l]k ) = t'(Ai-mi,...,A J _ 2 -m J _2,m J -i+fc-SJ- 2 ,m J +SJ-fc,A J+ i-m J+ i,...,A n -m n )( z i ~ ) , 

and finally 

v M (z, 2rjk) =v s (m)(z, -2r)k). 

Thus, starting from a relation, corresponding to a reconstruction of the pair of j-th and 
j + 1-st indices, then moving the total circle to the right and applying the relations, 
corresponding to reconstruction of pairs of indices (j + 1, j + 2),..., (n, 1 ),..., (j — 1, j), 
we proved the Lemma. □ 

Lemma 51. Let k e [— k(u)M), k(— wm)] and for all j e [l,n], 

j 

(81) J2^ Al - 2m *) > k - 

1=1 

Then there is a sequence of relations of Corollary implying Vm(z, 2r]k) = v s im)( z , — 2i]k 
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Proof. The proof of this Lemma is similar to the proof of Lemma |5(J, but now we move 
over the total circle to the left. 

Namely, by Lemma £49], there are j G [1, n] and a e [0, rrij + m 3 -+i] — {rrij} such that 
equation ([74]) is satisfied. This means that the transformation Tj(k) can be applied to 

v M (z,2r}k). 

We prove that the product of transformations Tj + i(—k)...T n -i(—k) T n (k)Ti(k)T 2 (k) 
... Tj_i(k)Tj(k) can be applied to %(z, 2r] k) and gives t> s (M)(<2, —2r]k). 
We assume that 1 < j < n, the proof for j = 1 is similar. 
Equation ( [73]) implies a relation 

v m( z , 2rjk) = f(m lv .. t m j _ ll m j + EJ - k,m j+1 - Y$ + k,mj +2 ,...,rn n )( z i 2r]k) . 

We also have a relation 

(82) f(mi 1 ...,m 3 _i,mj + £J - fc, mj+i - £J + fc, m j+2 ,...,m„)( z i 2f]k) = 

^(mi ,...,mj_2,m : j_i+EJ~ 1 ~A:, Aj—rn,j ,rrij+i — £J + fc, rttj+2v) m n) ( ^> 27y/c ) , 

since we have equations 

S J '~ 2 + Aj_i - rrij-i - (rrij-i + - k) = k, 



rrij-i + (rrij + E- 7 ' - k) = (m 3 -_i + T, j 1 - k) + (Aj - 



in 



and an inequality 

rrij + S J — > Aj — mj 

implied by assumption fl8ip . 

We continue the same way and get 

Vm( z i 2l]k) = f ( mi+ s 1 -fc,A2-m 2i ...,A j -m j ,m J+ i -£J +i,m j+2 ,..,m n )( ^; 2r]k) . 

Similarly we have a relation 

Vm(z> 2r]k) = U(A 1 -rrei,... ) Aj-m } -,77i 3 - + i - EJ + fc, m j+2 ,...,m n _i,m„-fc) ( ~2rjk), 

then relations 

Vm( z , 2l]k) = t'(Ai-mi,...,A J -m j ,m 3+ i - E^ +fc,rn J+ 2,---,m n _ 2 ,m, l -i+E™- 1 -fc,A n -m n )( ^, ~2rjk), 
Vm(z, 2r]k) = W(A 1 - mi ,...,A J -m J ,m 3+1 -E^+fc,m J+ 2+EJ+ 2 -fc,A J+ 3-m J+3 ,...,A„-m n )(2; ) -2rjk), 

and finally 

%(z, 277/c ) = f s(M) ( z, - 2r?£; ) . 
The Lemma is proved. □ 



In order to finish the proof of Theorem |46] we assume that 

min-fE 1 , E 71 } < k < maxjE 1 , £"} 

and prove that 

27/fc) = -2rjk). 



48 



G. FELDER AND A. VARCHENKO 



Considering the resonance relations it is convenient to think of the factors of the tensor 
product as positioned in the cyclic order so that the factor Va 1 follows the factor V\ n . 
Therefore, considering the index of a factor we shall consider it modulo n so that the 
n + i-th factor is the same as the /-th factor. The sums S- 7 introduced above correspond 
to this convention since S n = 0. 

We call j G [1, n] a distinguished vertex if S- 7 = k. 

We define top and bottom intervals. 

A top interval is a sequence of vertices r, r + 1, s such that £ r , E r+1 , £ s > k and 
T, r ~ 1 , S s+1 < k. Here r can be equal to s. 

A bottom interval is a sequence of vertices r, r + 1, s such that £ r , E r+1 , E s < k 
and XT -1 , S s+1 > k. Here r can be equal to s. 

In each of the two cases, the vertices r, r + 1, s are called the vertices of the corre- 
sponding interval. 

Each not distinguished vertex is a vertex of a unique top or bottom interval. 

We define notions of the boundary and proper intervals. A top or bottom interval 
r, r + 1, s is called the boundary interval ifr<n<s. All other top or bottom intervals 
are called the proper intervals. 

There is no boundary interval if and only if k = 0. 

Our goal is to transform the coordinates of the index M = (mi, m n ) into the 
coordinates of the index s(M) = (Ax — mi, A n — m n ). We construct a specially ordered 
product of transformations T i; corresponding to not distinguished vertices, which can be 
applied to VM{z,2r)k) and makes the transformation. 

First we associate a product T 1 of transformations Tj to each top and bottom interval 
I = {r,r + 1, s}. 

Namely, let J be a proper top interval, then T 1 = T r (k)T r+ i(k)...T s (k). 

Let / be the boundary top interval, then T 1 = T r (—k)T r+ i(—k)...T n -i(—k)T n (k)...T s (k). 

Let / be a proper bottom interval, then T 1 = T s (k)...T r+ i(k)T r (k). 

Let /be the boundary bottom interval, then T 1 = T s (—k)...T n+ i(—k)T n (k)...T r+ i(k)T r (k). 

We order all top or bottom intervals as follows. If / is boundary and J is proper, then 
I < J. If / and J are proper, then / < J if there exist 1 < i < j < n such that i is a 
vertex of / and j is a vertex of J. 

Let {Ii, I2, I r } be the set of all top or bottom intervals and I\ < 1% < ... < I r . 
Define the product of transformations T, corresponding to VM{z,2rjk) by 

p _ ph ph pl r 

Lemma 52. The product P of transformations Ti can be applied to VM{z,2r]k) and 
transforms VM(z,2r]k) to v s (m)(z, —2r]k). 



The Lemma finishes the proof of Theorem |46 . 

The proof of the Lemma is by direct verification similar to the proofs of Lemmas [5(] 
and [51]. 
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11. Resonance relations for Bethe ansatz eigenfunctions 

11.1. Bethe ansatz eigenfunctions of commuting difference operators. In this 
section we fix A = (A 1; . . . , A n ) G C n such that A; = 2m for some positive integer 
m. Let Ki(z, r,p) be the qKZB operators acting on the space ^(V^fO]) of meromorphic 
functions of A G C with values in the zero weight space V^[0]. The qKZB operators 
satisfy the compatibility conditions (0). 

There is a closely related set of commuting difference operators Hj(z) acting on 
JF(V^[0]) and the corresponding eigenvalue problem 

Hj(z)iP = erf, j = 1, ... ,n, ^ G HVM) ■ 

Here 

(83) Hj(z) = Rjj_i(zj — ■ • • Rj t i{Zj— Zi)TjRj >n (zj— z n ) ■ ■ ■ , Rj t j + i{Zj — Zj+i), 

z = (z±, . . . , z n ) is a fixed generic point in C n , if) is in ^(V^O]) and the operators Rj }k 
are defined in Sec. |2.2j . The fact that the operators Hj(z) commute with each other 
follows from the compatibility of the qKZB operators as p —>■ 0. 

In [[KTVljl we gave a formula for common quasiperiodic eigenfunctions of the oper- 
ators Hj, i.e., functions if) such that Hjip = Ejip, j = 1, . . . ,n, for some Sj G C. The 
quasiperiodicity assumption means that we require that ^(A + 1) = fiip(X) for some 
multiplier /i G C x . 

The formula is given in terms of the weight functions Uj u ...,j n (ti, ■■■,t m , z, A) associated 



with the tensor product Vr and defined in Sec. |373 . 



Theorem 53. |[FT VT|| Let c G C. Suppose that t\, . . . ,t m obey the system of "Bethe 
ansatz" equations 



9(tj - Zl + yAj) yr 6(tj - h - 2rj) _ 



<«) n:;: r:;: ii — - 

Then 



(85) V(A)= e cX LUj(t 1 ,...,t m ,z 1 X)e J 

J, \J\=m 

is a common eigenf unction of the commuting operators Hj, j = 1, . . . , n, with eigenvalues 

-aojAj TT — Zj - riAj 



n 



\9(t k - Zj + r]Aj 



and multiplier \i = (— l) m e c . Moreover, if ti, . . . ,t m are a solution of (p4), and a G 
S m is any permutation, then , . . . , t CT ( m ) are also a solution. The eigenfunctions ip 
corresponding to these two solutions are proportional. 
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11.2. Resonance relations. Let {Ej} be the reduced basis in V^[0]. Let t/>(A) be an 
eigenfunction defined in Theorem |53] and corresponding to a solution (ti, . . . , t m ) of the 
Bethe ansatz equations. Write the eigenfunction in the reduced bases, 

^(A) = ^ J ^ 1 ' • • • ' * m ' z > X "> Ej ' 
j 

where the reduced coefficients ipj(ti, . . . , t m , A) are defined by 

...,t m ,z, A) = [j 1 ]\...[j n ]\e cX ujj(t 1 ,...,t m ,z, A). 

Theorem 54. 

I. Lei n > 1. Then the reduced coefficients of an eigenfunction obey the reso- 
nance relations 

j-i 

(86) Mh, ...,t m ,z, 2rj(Aj -a-b + ^(A; - 2m,))) = 



i=i 



ij) L (ti,...,t m ,z,2Ti(Aj 



a — 



3-i 

b + ]T(A, - 2m,))) 
i=i 



for j, a, b, k, L, M defined in Part I of Theorem and the resonance relations 
(87) ipM(h, ...,t m ,z, 2r](a - b)) = ip L (h, ...,t m ,z, 2i](b - a)) 



for a, b, k, L, M defined in Part II of Theorem \2t . 
II. Let n = 1, A = 2m. In this case ip — ipmEm and ip does not depend on z. We 
claim that 



for a — 1, 



ipmih, ...,t m ,2r}a,T) = ipmih, ...,t m , -2r}a,r) 
m. 



11.3. Proof of Theorem |5J. The proof of Part II is similar to the proof of Part III of 
Theorem [26 . 



The resonance relations in formula (|86|) follow from Theorem |12[ The proof of the 
resonance relations in formula fl87|) is similar to the proof of Part II of Theorem p6| . 

Namely, let S n act on C n by permutations of the coordinates, and let Sj be the 
transposition of the j-th and (j + l)-st coordinates. 

The equations (|4|) do not depend on the ordering of the parameters £j,Aj. Let us 
fix a solution t* of (|84l ) with parameters A = (Ai, . . . , A n ) and z = (zi, . . . , z n ). Then 
for each permutation a G S n , the point t* is still a solution of the equations (|84D with 
parameters a A, az and we have a corresponding function Vv(A) G -^(V^O]) given by 
the formula (^) with parameters oA, az. 

It follows from the definition of R-matrices that 
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Introduce a permutation s v G S n by s v = siS2--.s n -i- Then s v A = A v = (A„, Ai, A n _ 
Introduce an operator A : — »■ V^ v by formula 

Lemma 55. 

AV(A) = eiV.v(A). 
The proof of the Lemma is similar to the argument in the proof of Theorem ISO. 



The Lemma finishes the proof of Theorem |54| since the resonance relations for the 
eigenfunction "0(A) in formula are the resonance relations for the eigenfunction 
?/> s v(A) in formula (jB6|) for j = 1. 

11.4. The fusion rules and the resonance relations for the Bethe ansatz eigen- 
functions with values in finite dimensional modules. Let A = (Ai,...,A n ) be a 
vector of natural numbers, Ai + ... + A n = 2m, and let ip(X) be a Bethe ansatz eigenfunc- 
tion with values in V^[0] and corresponding to a solution of the Bethe ansatz equations. 
Write the eigenfunction in coordinates, 

■0(A) = ^m(X)E m 

M, \M\=m 

where {Em} is the reduced basis in V^[0]. The following Theorem describes the resonance 
relations for admissible coordinates of the eigenfunction. 

Let M = (mi,...,m„) be an admissible index, rrij < Aj for all j. Let Wm — (Ai — 
2mi, A n — 2m n ) be the f) -weight vector of the basis vector Em and -% the weight 
vector dual to Wm- Let and k{—WM) be the shift numbers defined in Sec. [L0.1 



Consider the resonance relations of Theorem [54] involving the coefficient V'm(A). Since 
A is a vector of natural numbers, in any such a relation we have A = 2t]k for a suitable 
integer k. 

Theorem 56. 

Let M = (mi, ...,m n ) be an admissible index. 

I. If k > k(—WM) or k < —k(wM), then there is no resonance relation of Theorem 

[5^ involving ■0m(2^A;). 
II. If k £ [— k(wM), k{— wm)], then the resonance relations of Theorem [5^ imply the 
relation 

ip M {2rik) = ip si M)(-2r]k). 

The proof of this Theorem coincides with the proof of Theorem [K| 
Let L^ = La x <S> ■■■ ® L\ n be the corresponding product of the finite dimensional 
spaces and 7r : — > L% the canonical projection. The operators Hj(z) induce on L^[0] 
a system of commuting difference operators which also will be denoted Hj(z). 

Let be the Bethe ansatz eigenfunction with values in V^[0] and corresponding to 
a solution of the Bethe ansatz equations. Then the function 

0(A) = vn/>(A) = ^m(X)E m 

admM, \M\=m 
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is an eigenfunction of the commuting operators Hj(z) acting on JF(L^[0]), Hj(z)i/;(X) 



£jijj(X), where the eigenvalues Ej are defined in Theorem [53| The values of ?/>(A) obey 
the resonance relations of Theorem [56]. 

Let S : JF(L^[0]) — > JF(L^[0]) be the Weyl reflection. The Weyl reflection commutes 
with the operators Hj(z), S Hj(z) = Hj(z) S. Hence Stp(X) is also an eigenfunction of 
Hj(z) with the same eigenvalues. 

Consider the anti-symmetrization, 

Aj>(\) = 4>(\) - Sty(A) = 0(A) - SAl ® ... ® s An ?/>(— A), 
of "0(A) with respect to the Weyl reflection. Write A0(A) in coordinates, 

A$(\) = Yl A^ M (X)E M . 

admM, \M\=m 

Corollary 57. (Vanishing Conditions) For any (admissible) index M and any inte- 
ger k G [—k(wM), k(—WM)}, we have 

A^ M {2r)k) = 0. 

In other words, let M = (mi, ...,m n ) be an admissible index and w = (w\, w n ), 
Wj = Aj — 2m j, the f) -weight of the basis vector E M . Form the sums E-? = Y%=i w j- Let 
A; be a non-negative integer. Corollary |5?| says that AipM^V^) = unless the vector 

(-E 1 + jfc - 1, -E 2 + jfc - 1, -E n + jfc - 1) 

satisfies the sl 2 fusion rules with respect to (Aj, A n ) and Ai[)m(— 277A; ) = unless 
the vector 

(E 1 + jfc - 1, E 2 + jfc - 1, E n + jfe - 1) 

satisfies the sl 2 fusion rules with respect to (Ai, A n ). In particular, Aip M (0) = 
since E™ = 0. 

Remark. The Corollary [57| has an analog for the case when n = 1, A = 2m. 
Namely, let 4>(X) = ip m {X) e m be the Bethe ansatz eigenfunction with values in V^[0] 
and corresponding to a solution of the Bethe ansatz equations. Consider the Weyl anti- 
symmetric eigenfunction Aip(X) = (i[) m (X) — i/; m (—X)) e m . Then for k = —m,—m + 

I, m — 1, m we have 

Aif)(2rjk) = 0. 

II. 5. The case r] = 1/2N and e 2c = 1; the resonance relations for the Bethe 
ansatz eigenfunctions and the fusion rules for the quantum group U^i/n^l?). 
In this section we assume that the parameter rj has the form rj = j^, where N is a 
natural number, and assume that the parameter c in the Bethe ansatz equations obeys 
the relation e 2c = 1, see Theorem |53. 
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Let A = (Ai, A n ) be a vector of natural numbers, Ai + ... + A n — 2m, and let 

■0(A) = ^m(X)E m 

adm M, \ M\=m 

be the Bethe ansatz eigenfunction with values in L^[0] corresponding to a solution of 
the Bethe ansatz equations with parameter c G C. Let ipM(2r]k) = i^ s {M)(~^V^) f° r 
k G [—k(wM),k(—WM)] be a resonance relation of Theorem |56| for the coefficients of 
the eigenfunction. Since the function ip(\) is quasiperiodic, if)(\ + 1) = (— l) m e c ^(X), 
and since 2rj = 1/N, the resonance relation implies a relation e c tl)M{2ri(k + N)) = 
e~ c ip s ( y M){ — 2rj(k + N)). If e 2c = 1, then a resonance relation of Theorem ipM{2i]k) = 
ips{M)( — 2??fc)> implies a series of new resonance relations, 

$ M (2v(k + IN)) = $ sm (-2r](k + IN)), for leZ. 

Therefore, under the above assumptions on rj and c, the resonance relations become 
A^-periodic with respect to k and to describe all the resonance relations it is enough to 
describe the relations for k G [0, N). 

Corollary 58. Under assumptions rj = 1/2N and e 2c = 1, for all k £ [0, N — 1], we 

have 

4> M (2r]k) = r 4) s i yM ){-2r]k) and Atp M (2rjk) = 

unless 

(89) k(-w M ) < k < N - k(w M ). 

The relation (^) can be interpreted in terms of the fusion rules for the quantum group 
U q {sl 2 ) with q = e 2 ™l N . 

First we remind the fusion rules for U q (sl2) with q = e 2m / N , 

For an integer a G [0,N — 2], let L a denote the a + 1— dimensional [/ ? (s/ 2 )-module with 
highest weight q a . We say that integers a,b,c obey the fusion rules for U q (sl2), q 2m / N , 
if a, b, c G [0, A^ — 2] and the [^(s^-module L a <g> contains L c as a submodule. 

It means that a — b G {— c, — c + 2, c — 2, c} and c < a + b < 2N — c — 4. If the 
triple a, b, c obeys the fusion rules, then each of its its permutation does. 

Let A = (Ai, A n ), a = (ai, a n ) be n-tuples of integers. We say that a obeys the 
fusion rules for U q (sl2) with respect to A, if for every j = 1, ...,n, the triple aj^i,aj, Aj 
obeys the fusion rules for U q (sl2)- This means that for j = 1, n we have Oj_i, a,j,Aj G 
[0, N — 2] and Aj < a-,_i + aj < 2N — Aj — 4. Here we assume that a = a n . 



Lemma 59. An integer k satisfies (]8Q), if and only if the vector 
(90) (-S 1 + k - 1, -S 2 + k - 1, — E™ + k - 1) 

obeys the fusion rules for U q (sl 2 ) with respect to A = (A 1; A n ). 
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According to the Lemma, if k satisfies (|89|), then —T^ + k — 1, Aj belong to [0, N — 2] 
for all j. The Theorem also implies that if there is j such that Aj > N — 2, then we have 

^ M (2^/c) = ^ a (M)(-^vk) and A^) M (2r]k) = 

for all M and fc. 



Proof. First we prove that (|89| ) implies the U q (sl2) fusion rules. Indeed, the inequality 
k{— Wm) < k implies Aj < —T^~ l + k — T j + k for all j. Similarly, the inequality 
k < N - k(w M ) implies + fc - E j + jfe < 2N - Aj for all j. Hence, 

Aj < -T^ 1 + A; — E J + A; < 2AT — Aj. 

Notice that the number —T^ 1 + k — S J + & has the same parity as Aj. Therefore, 
Aj 6 [0, iV — 2] and 

Aj < S^ 1 + k - 1 - T j + fc - 1 < 2N - Aj - 4. 

The vector (— S 1 + fc(— %), — £ 2 + k(— w M ), — S n + k(— wm)) obeys the fusion rules 
for s/ 2 - Hence, the inequality k(— Wm) < k implies — TP + k > for all j. 

The vector (T 1 + kiwu), T 2 + k(wM), S n + k(wM)) obeys the fusion rules for sl2- 
Hence, the inequality &(u>m) < N — k implies N > — S J + k for all j. Thus — S- 7 + k — 1 G 
[0, N — 2]. Thus the vector fl90Q obeys the U q (sl2) fusion rules. The converse implication 
is proved similarly. 

□ 

11.6. Resonance Relations for Eigenfunctions of Transfer Matrices. In this 
section we discuss the resonance relations for the eigenfunctions of the transfer matrix of 
highest weight representations of the elliptic quantum group E Ttr) (sl2), see ||FV2| , |FTV1|| . 



Let W be a representation of E T)V (sh) with L-operator L(z, A) G End (C 2 (g> W). 
Let eo, ei be the standard basis of C 2 and Eij the linear operators on C 2 defined by 
Eijeu = Sjkei. Writing L = E 0Q ® a + Eqi ® 6 + i?io <E> c + £?n ® dwe get four operators, 
a(z, A), A), c(z, A), d(z, A), the matrix elements of the L-operator, acting on W, and 
obeying the various relations of E T)V (sl2)- The transfer matrix Tw(z) G End (^"(W'fO])) 
acts on functions by 

T w (z)f(X) = a(z, A)/ (A - 2 V ) + d(z, X)f(X + 2 V ). 

The relations imply that T w (z)T w (w) = T w (w)T w (z) for all z,w G C. 



In |[FV2|| , common eigenfunctions of Ty^(z), z 6 C, are constructed in the form 

b(ti) ■ ■ -b(t m )v c 

where 

cX ^9(\-2 V3 ) 



«c(A) = e cA 



0(2t?) 



f° is the highest weight vector of W and b(t) is the difference operator (6(£)/)(A) = 
A)/(A + 2?y), / G JF(iy) (both the transfer matrix and the difference operators 
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are part of the operator algebra of the elliptic quantum group, see |[FV1| , [FV2 |). The 
variables t\, . . . ,t m obey a set of Bethe ansatz equations, which are up to a shift the 
same as the ones in (|84]). 

The eigenfunctions of the transfer matrix in a tensor product of Verma modules are 
described by the following two Theorems. 



Theorem 60. ||FTV1|] Let = Va 1 (zi) (g) • • • ® V\ n (z n ) be a tensor product of E T:V (sl2) 
evaluation Verma modules with generic evaluation points z\ y . . . , z n and let 



v c (X) 



0(27?) 



Then 



ilKtj + v) v c 



e c(X+2 V m) (_l) m J~J 



i<j 



8(tj - tj + 2rj) 
OiU-tj) 



, (ti, . . . , t n , A, z, t) Cj x 



■'Jn ) 



jiH \-j n =m 



where ujj lj ^j n (ti, . . . , t n , A, z, r) are i/ie mirror weight functions associated with the tensor 
product Vfc. 



Theorem 61. ||FV2|| Let and v c be as in Theorem [#Z], and let TyJ^w) be the cor- 
responding transfer matrix acting on functions in JF(V^[0]). Then for any solution 
(ti, . . . , t m ) of the Bethe ansatz equations 



i — 1, . . . , m, 



{ ' J l J %^-t l + 2 V )l\e(t l -z k -(i-A k ) v ) 

such that, for all i < j, ti ^ tj mod Z + rZ ; the vector if) = b(t\) ■ ■ ■ b(t m )v c G JF(V^[0]) 
is a common eigenfunction of all transfer matrices Tv~(w) with eigenvalues 



0(t,-w- 2 V ) , 2 „ e(tj - w + 27,) e(w - z„ - (1 - A k ) V ) 



w 



9(tj - w) 



n 

k=l 



(w-z k -(l + A k )rj) 



Moreover 



-l) m e c ip(\). 



Now we can reformulate the results of Sections FO , |11.4| , |11.5| for eigenfunctions of 
the transfer matrices. 

Let {Ej} be the reduced basis in V^[0]. Let ^(A) be the eigenfunction of the transfer 
matrix corresponding to a solution (t l5 . . . , t m ) of the Bethe ansatz equations (|9l|) . Write 
the eigenfunction in the reduced bases, if)(\) = Yl j V\/(*i> ■ ■ ■ > tm, z, A) Ej . 



Theorem 62. 
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I. Let n > 1, 1 < j < n. Let mi, mj_ 2 , k, rrij+i, m n fre non-negative integers 
such that mi + ... + m,,_2 + + m J+ i + ... + m n = m. Let a, b be integers such 
that a ^ b, < a,b < k. Let M = (mi, m.,_2, k — a, a, rrij + i, m n ) and L = 
(mi, rrij-2, k — b,b, rrij + i, m n ). Then 

n 

(92) Vm(*i, t m , z, 2rj(Aj -a-b + ^ (A; - 2m;))) = 

1=3+1 

n 

fafa, t m , z, 2rj(Aj -a-b + ^ (A/ - 2m;))). 

II. Letn> 1. Let k,rri2, ...,m n be non-negative integers such that k+rri2 + ...+m n = m. 
Let a,b be such that a ^ b, < a,b < k. Let M = (a, rri2, m n _i, k — a) and 
L = (6, m 2 , m n _i, k — b). Then 

(93) i/j M (ti, ...,t m ,z, 2r](a-b)) = 

ipL{ti,--,t m ,z, 2r}(b-a)). 

III. Let n = 1, A = 2m. Then ip = ip m E m and for all a = 1, m we have 

(94) ijj(ti, ...,t m ,z, 2r]a) = -,t m ,z, - 2rja) . 

Notice that the resonance relations of this Theorem differ from the resonance relations 
of Theorem |54] because the coordinates of the eigenfunction in this Theorem are mirror 
weight functions while the coordinates of the eigenfunction in Theorem |54| are ordinary 
weight functions. 

Now assume that A = (Ai, A n ) is a vector of natural numbers, Ai + ... + A n = 2m. 
Let L^ = Lx l ® ■■■ <8> L\ n be the corresponding product of the finite dimensional spaces 
and 7r : — > L% the canonical projection. 

Let be the Bethe ansatz eigenfunction with values in V^[0] and corresponding to 
a solution of the Bethe ansatz equations (0). Then the function 

$(A) = vr^(A) = J2 M*)E M 

adm M, \M\=m 

is an eigenfunction of the transfer matrix T Lk (w) acting on JF(L^[0]), T LK (w)ip(X) = 

e(w)ip(X), where the eigenvalue e(w) are defined in Theorem [6l|. 

Let S : JF(L^[0]) — > JF(L^[0]) be the Weyl reflection. The Weyl reflection commutes 
with the transfer matrix Tl^w). Hence Sip(\) is also an eigenfunction of the transfer 
matrix with the same eigenvalue. 

Consider the anti-symmetrization, 

A$(\) = 4>(\) - S$(\) = $(A) - s Al <g> ... <g> s An $(-\). 
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Write A0(A) in coordinates, 

adm M, \M\=m 

The vanishing conditions for this anti-symmetric eigenfunction are described by the 5/2 
modified fusion rules. 

Recall that if (ax, ...,a„) is a vector of integers, then we say that (a±, ...,a n ) satisfies 
the sl% fusion rules with respect to (Ai, A n ) if all dj are non-negative and for every 
j the triple cij-i,aj,Aj obeys the sl 2 fusion rules (where a = a n ). We shall say that 
( Cb\ , • • • , CL n ) satisfies the s/2 modified fusion rules with respect to (Ai,...,A n ) if all 
non- negative and for every j the triple aj, Aj obeys the sl 2 fusion rules (where 
a n+ \ — a\). Notice that if Ai = A2 = ... = A n , then the two fusion rules coincide. 

Theorem 63. (Vanishing Conditions) 

Let M = (mi, m n ) be an admissible index and w = (wx, ■ w n ), Wj = Aj — 2m,j, the 
\) - weight of the basis vector E M . Form the sums TP = Y^i=j w r Let ^ be a non-negative 
integer. Then Ai/jm(^V^) = unless the vector 

(-E 1 + jfc - 1, -S 2 + jfc - 1, -t n + k-l) 

satisfies the sl% modified fusion rules with respect to (Ai,...,A„) and Aij)M(—2r]k) = 
unless the vector 

(E 1 + jfc - 1, E 2 + k - 1, E n + jfc - 1) 

satisfies the sl 2 modified fusion rules with respect to (A 1; A„). In particular, Aip M ( ) = 
since E 1 = 0. 

The fact that this Theorem involves the modified fusion rules while the corresponding 
Corollary |5^ uses the ordinary fusion rules is due to the fact that the coordinates of the 
eigenfunction in this Theorem are given in terms of mirror weight functions while the 
coordinates of the eigenfunction in Corollary ^ are given in terms of ordinary weight 
functions. 

Remark. If n = 1, A = 2m and "0(A) = ip m (X) e m is the Bethe ansatz eigenfunction 
of the transfer matrix with values in V^[0]. Then the corresponding Weyl anti-symmetric 
eigenfunction Aip{\) = (ip m (X) — ip m (—X)) e m satisfies 

Aip(2rjk) = 

for all k = —m, —m + 1, m — 1, m. 

Now we shall assume that the parameter rj has the form rj = 1/2N where is 
a natural number and the parameter c in the Bethe ansatz equations fl9T|) obeys the 
relation e 2c = 1. Under these assumptions the vanishing conditions for ant i- symmetric 
Bethe eigenfunctions are described in terms of the U^i/N^s^) modified fusion rules. 

Recall that if (ax, ■■■,a n ) is a vector of integers, then we say that (ax, ■■■,a n ) satisfies 
the U e 2iri/N(sl2) fusion rules with respect to (Ai,...,A n ) if all aj are non-negative and 
for every j the triple aj-x,aj,Aj obeys the £42™/^ (^2) fusion rules (where a = a n ). 
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We shall say that ( ) satisfies the [/^/^(s^) modified fusion rules with respect 

to (Ai, A n ) if all dj are non-negative and for every j the triple dj, a J+ i, Aj obeys the 
U e 2ni/N(sl2) fusion rules (where a n+ i = ai). If Ai = A 2 = ... = A n , then the two fusion 
rules coincide. 

Theorem 64. Let 77 = 1/2N and e 2c = 1. Let Aip(\) be the anti-symmetrization of a 
Bethe ansatz eigenfunction of the transfer matrix. Then 

Aifj{2r]k) = {-l) m e c Atfj{2r]{k + N)). 

Moreover, for any admissible index M and k £ {0, 1, 2, AT — 1} we have AipM^V^) = 
unless the vector 

+ Jfe - 1, -E 2 + k - 1, -t n + k-l) 
satisfies the U^i/N^s^) modified fusion rules with respect to (Ai, A n ). 

12. Restricted Interaction-round-a-face Models 



12.1. Discrete models, [ FV2|| . The construction of the transfer matrix admits the 
following variation. The transfer matrix Ty^(w) and the difference operators b(w) shift 
the argument of functions by ±2rj. Therefore we may replace J-(V£) by the space J r n {Vj{) 
of all functions from the set C a = {2r](fi + j) \ j £ Z} to V?. The transfer matrix and 
the difference operators are then well-defined on T a {V£) if /i is generic. Also, it follows 



from Theorem 60 that the restriction to C a of the Bethe ansatz eigenfunctions is well 
defined for all /i. We thus have: 

Corollary 65. Suppose ti,...,t m is a solution to the Bethe ansatz equations 
Then, for generic fi, the restriction to C a of b{t\) ■ ■ ■ b(t m )v c is a common eigenfunc- 
tion of the operators Ty^(w) £ End (JF M (V^[0])). 



12.2. Unrestricted interaction-round-a-face models, |[FV2|| . In this section, we 



consider a special case of the above construction, and relate T{w) to the transfer matrix 
of the (unrestricted) interaction-round-a-face (IRF) (also called solid-on-solid) models of 
Ba| , |ABF| . Therefore, our formulae give, in particular, eigenvectors of transfer matrices 



of IRF models, extending the results of 

Let V = C 2 . Denote the vectors eo,ei of the standard basis in C 2 by e[l],e[— 1], 
respectively. Let V = V[l) © V[— 1] = Ce[l] © Ce[— 1] be the weight decomposition of 
V. Let R(z, A) £ End (C 2 © C 2 ) be the fundamental R-matrix defined in Section |3.5| . 

Let W = V® n be the E T ^(sl2) representation with the L-operator L(w, A) £ End (V© 
W) given by 

n-l 

L(w, A) = RW(w - z u A) © R m {w -z 2 ,X- 2r]h^) © .. © R^' n \w - z n , A - 2 v J2 hU) ) 

This representation is isomorphic to the tensor product of the evaluation fundamental 
representations 

V(z n )® ...®V{ Zl )i 
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with the isomorphism u\ ® • ■ ■ <S> u n i— > u n ® • • • <S> iti- 

We assume that n is even, and therefore W has a nontrivial zero weight subspace 
W[0]. 

The corresponding transfer matrix T(w) G End (jF(V|/[0] )) has the form 
(95) T(w) = y]Tr VM ( ) L(w,X) T u 

where (TJ)(X) = f(X - 2 V u). 

We define "Boltzmann weights" w(a, b, c, d; z), depending on complex parameters 
a, b, c, d, z, such that a — b,b — c,c — d,a — d G {!,—!}, by 



R(z, 2r)d) e[d — c] (g> e[c — 6] = w(a, 6, c, d; z) e[a — b] <g> e[d 



— a 



(the sum is over one or two allowed values of a). We set w(a, b, c, d; z) — if a, b, c, d do 
not satisfy a — b,b — c,c — d,a — d£ {1,-1}. 

The dynamical quantum Yang-Baxter equation translates into the star-triangle equa- 
tion 

E 9 w ( a i & > 9, /; ^2 - Z3M&, c, d, </; zi - zs)w(g, d, e, /; z x - z 2 ) 
= Y, g w ( b i c,g,a;z 1 - z 2 )w(a,g,ej;z 1 - z 3 )w(g, c, d, e; z 2 - z 3 ). 

Introduce a basis \ai, . . . ,a n ) of ^>(VT[0]) labeled by Oj G /i + Z with a« — a i+ i G 
{1, —1}, i = 1, . . . , n — 1, and a n — ai G {1, —1}. We let 5(X) = 1 if A = and 
otherwise. Then we define 

|ai, . . . , a n )(X) = 5(X - 2r]a 1 )e[a 1 - a 2 ) <8> e[a 2 — a 3 ] <8 • • • ® e[a n - a x ]. 

If T is the shift operator r/(A) = /(A — 2r^), then r|ai, . . . , a n ) = |ai + l, . . . , a n + l). 
Using this, and the fact that h^\a%, . . . , a n ) = (a^+i — dj)\ax, . . . , a n ), we get 

n 

(96) T(w)\a 1 ,...,a n )= ^ Y[w(b j+1 , a j+1 , aj^j^w- Zj)]^, . . . ,b n ) , 

bi,...,b n j=l 

with the understanding that b n+ i = b\, a n+ i = a±. The (finite) sum is over the val- 
ues of the indices b{ for which the Boltzmann weights are nonzero. Comparing with 
|[Ba|| , we see that T(w), in this basis, is the row-to-row transfer matrix of the (unre- 
stricted) interaction-round-a-face model associated to the solution w(a, 6, c, d; z) of the 
star-triangle equation, see ||Ba|| . The situation is best visualized by looking at the graph- 
ical representation of Fig. [I]. 

Applying results of Section |11.6| to the representation W, we get the following Corol- 
lary: 

Corollary 66. Let c be a complex number. Consider the function 

V>(A) = J2 eCXuJ h,-Jn(h, ■ ■ ■ ,t n/2 , Zl , z n , X) e h <g> ... ®e jn G F{W[0)) 
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Figure 1 . Graphical representation of the row-to- row transfer matrix of 
an IRF model. Each crossing represents a Boltzmann weight w whose 
arguments are the labels of the adjoining regions and the difference of the 
parameters associated to the lines. 

where the sum is over all ji, ...,j n such that jk = 0, 1, j\ + ... + j n = n/2 and ujj u _j n 
(ti, . . . , t n /2, Zx, z n , A) are the weight functions defined in for a\ — ... — a n — r). 
Then for any solution (ti, . . . , t n / 2 ) of the Bethe ansatz equations 

such that, for alii < j, ti ^ tj mod Z+rZ, the function i/j(X) is a common eigenfunction 
of all transfer matrices T(w), T(w)ifj(X) = e(w)ip(\), where 

(98) e(w) - e- 2 " c TT ° {tj - W - v) + e 2 ^ TT d ^~ w + ^) TT d ( w ~ Z A 
K > 1 } 11 6^ -w + r 1 ) + 11 0fo - w + 77) 11 6(w -z k - 2rj) ' 

Moreover ^(A + 1) = (-l) n/2 e c ^(A). 

The Weyl reflection S : J r (W[0]) — > JF(VF[0]) commutes with the transfer matrix. 
Hence Sip(\) is also an eigenfunction of the transfer matrix with the same eigenvalue. In 
particular the Weyl anti-symmetric function Aip(\) = — Sip(X) is an eigenfunction 
of the transfer matrix with the same eigenvalue. 

The restriction of the eigenfunctions if>(\) and A0(A) to the set C M is well defined for 
any //. The A-poles of the L-operator L(w, z) have the form A = 2r]k mod Z + rZ, where 
k is an integer. Therefore the transfer matrix T(w) restricted to the space ^>(VK[0]) is 
well defined for \i ^ mod Z + ^Z. Thus, for those /i, the restriction of the func- 

tions "^(A), Aip(\) to defines common eigenfunctions of all transfer matrices acting in 
•7>(^[0]) an d hence common eigenfunctions of all row-to-row transfer matrices of the 
corresponding unrestricted interaction-round-a-face models. Notice that the eigenvalues 
of the restrictions do not depend on \i. 

12.3. Infinite restricted interaction-round-a-face models. In this section we as- 
sume that T] is a generic complex number. Let | ) be a delta function such that 
the numbers a±, ...,a n are integers and for all j — 1, n we have \aj — aj +1 \ = 1 (with 
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a n+ i = a\ ). Such a delta function is an element of ^ r At =o(W / [0])- The delta function will 
be called positive (resp. negative) if ax,...,a n are positive (resp. negative). The delta 
function will be called neutral if the set Ol, CL n contains zero. 

Introduce the subspace jF + (iy[0]) C .7>=o(W[0]) as the subspace generated by (infi- 
nite) linear combinations of all positive delta functions. 

The transfer matrix T(w) is not defined on ^ r M =o(W / [0]) since some of the Boltzmann 
weights w(a, b, c, d; z) are not defined when a, b, c, al belong to Z. Nevertheless it follows 
from the formulae for the fundamental R-matrix in Section |3.5| that the Boltzmann 
weights are well defined if all a,b,c,d are positive integers (and \a — b\ = \b — c\ = 
\c — d\ = \d — a\ = 1 ). Moreover, the weights w(l, 2, 1, 0; z), w(0, 1, 2, 1; z) are well 
defined and w(0, 1, 2, 1; z) = 0. 

Consider formula (|96|) for T(w)\ai, a n ). If \ai,...,a n ) is a positive delta function, 
then in this formula only \bi,...,b n ) with non-negative integer coordinates can appear. 
Moreover, if bj = for some j, then bj-i = bj + \ — aj — 1 and Oj_i = CLj+\ = 2. If 
there is such bj, then the coefficient of \bx, b n ) in T(w)\ai, a n ) contains the product 
u>(0, 1, 2, 1; w — Zj-\)w(l, 2, 1, 0; z — Zj) which is well defined and equal to zero. Thus, if 
|ai, a n ) is a positive delta function, then all terms in the formula for T(w)\ai, a n ) 
are well defined and 

n 

T(w)\a 1 ,...,a n )= ^2 X\ w {h+^ a i+ii a 3ibji w - z 3)\bi, ■ ■ -,b n ), 

6i,...,6„ j=l 



where the (finite) sum is over only the positive delta functions \b±, . . . , b n ) for which the 
Boltzmann weights are nonzero. This formula induces a well defined operator T + (w) on 
j7-* + (Vl^[0]) which is the row-to- row transfer matrix of the infinite restricted model. 
The restricted infinite model, like the unrestricted one, satisfies the star-triangular 



equation, see ||ABF|| . This equation holds for all positive integers a, b, c, d, e, / such that 



\a — b\ = \b — c\ = c — d\ = \d — e\ = \e — f\ = \ f — a\ = 1 under the condition that the 
summations are over all positive integers g. This fact easily follows from the unrestricted 
star-triangular equation and the explicit formulae for the matrix coefficients of the fun- 
damental R-matrix. Namely, it is enough to prove the restricted star-triangular equation 
under the assumption that the set a, b, c, d, e, / contains 1. If the set a, b, c, d, e, / con- 
tains 1 and 3, then the restricted star-triangular equation coincides with the unrestricted 
one. Thus the only remaining cases to check are the cases when the set a, b, c, d, e, / is 
the set 1,2,1,2,1,2 or 2,1,2,1,2,1. Under these boundary conditions, it is easy to check 
that if in the unrestricted equation we have g = 0, then the corresponding term is well 
defined and equal to zero. Thus, the restricted star-triangular equation coincides with 
the unrestricted one and hence holds. As a consequence of this result we conclude that 
the row-to-row transfer matrices T + (w) of the infinite restricted model commute for 
different values of w. 
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12.4. Eigenfunctions of the infinite restricted model. In this section we show that 
the Weyl anti-symmetrization of a Bethe eigenfunction of Corollary ^ gives a common 
eigenvector of all row-to-row transfer matrices of the infinite restricted model. 

Let T(w) G End (jF(Vr[0])) be the transfer matrix of the E T ^(sl2) module W defined 
in (|95|). Let if) be its Bethe eigenfunction corresponding to a complex number c and 
a solution t n / 2 ) of the Bethe ansatz equations (P7|). Let e(w) be the eigenvalue 

defined in fl98|), T(w)ip = e(w)ip. Let Aip — if) — Sip be the corresponding Weyl anti- 
symmetric eigenfunction of T{w) ( with the same eigenvalue ). Let Aip e .7-^=0 (W[0]) 
be the restriction of Aip to the set C M= o- As an element of J-) t=0 (14 / [0]), it has the form 

Alpo = Y W)|oi,... I a n )|oi,- > On)> 
|oi,...,a n ) 

where (A0)|ai,...,<z») are suitable numbers and the sum is over all | Oil, <x n ) such that 
ai,...,a n are integers satisfying the condition 1 01 — 02] = ■•• = |o n _i — o n | = |o n — ai| = 1. 
Define an element Aip + e JF+(W[0]) by 

(99) Aif)+ = (M)\a 1 ,...,a n )\ai,...,a n ). 

|oi,...,a„) > 

where the sum is over all positive delta functions. 

Theorem 67. The vector Aip + e jF + (M/[0]) is a common eigenvector ( with the same 
eigenvalue ) of all row-to-row transfer matrices T + (w) of the infinite restricted model, 
T + (w)Aip + = e(w)Aip + . 

Proof. The Weyl anti-symmetry of Aip means 

(100) W)\ ai ,...,a n ) = -(AlP) hai ,...,. an) 

for all |ai, a n ). The vanishing conditions of Corollary |57| imply 

(AiP) laii ... An) = 

for all neutral delta functions |ai, a n ). 
For generic //, let 

Aip, = Yl w) 

\li+ax,:;fJ,+a n ) 

be the restriction of Aip to C M . Here the summation is over integers a±, a n such that 

\cL\ — O2 1 = ••• = k^n— 1 — = \Q"n — *^l| = !• Let 

T{w)Aip fl = Y {T{w)Aifj) ltl+blt ^ fl+bn) \fi + b l ,...,fi + b n ) 

\H+bi,...,lJ,+bn) 

be its image under the action of the transfer matrix. Then we have 

(101) (T(w)Aifj) ]fl+bl _, +bn) = 

Eai,...,a n IlJ=i w (t* + & i+i> V + a i+U V + aj,n + bj\ w-Zj) (Aip) lll+au ...^ +cin) , 
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as well as 

(102) (T(w)A^ +bu ^ +bn) = e{w){A-4>) 

\n+bi,...,fj,+b n )- 

If b n ) is a positive delta function, then in formula (|101|) only |/x + ai, /x + a n ) 

with nonzero ai, ...,a n could appear. If a 3 - = for some j, then aj_i = a,j+i = bj = 1 
and = bj + i = 2. If there is such aj, then the coefficient of {Aip)\^ +ai ^^^ +an) in 
(T(w)A , 0)| At+blv . . )At+ 6 n ) contains the product xx>(/x + 1, /x + 0, /x + 1, /x + 2; 10 — Zj_i)w(p, + 
2, /i + 1, /x + 0, /x + 1; 2 - %) . 

For a positive |&i, 6 n ), consider the limit of (T(w)Aif))\ li+ i >u „ . )At +& n ) if /x tends to zero. 
According to explicit formulae, the factors w(/x + &j+i,/x + a J+ i,/x + aj,/x + bj;w — Zj) 
with positive bj + i,aj + i,aj,bj are well defined for /x = as well as the factors u>(/x + 
1, /x + 0, /x + 1, /x + 2; tx! — Zj-i), xx>(/x + 2, /x + 1, /x + 0, fi + 1; z — Zj). At the same time 
the limit of the coefficients (A^)u +ai) ... )/Lt+0n \ is zero if a 1; ...,a n are non-negative and at 
least one of them is zero. Thus, taking the limit of formulae ( p. 0H) and ( |102|) , we get 
T + (w)Aif) + = e(w)Aij+. 

□ 

12.5. Finite interaction-round-a-face models. In this section we assume that rj = 
1/2N where N is a natural number. A delta function |ai, a n ) with integers a±, a n 
obeying conditions |ai — 02! = ••• = \a n -i — a n \ — \ a n ~ oil = 1 an d < < N for all k 
will be called admissible . A delta function I ) with at least one of the integers 

0]_, o n divisible by N will be called bad. Introduce the finite dimensional subspace 
^^(WfO]) of J r A1=0 (H / [0]) as the subspace generated by the admissible delta functions. 
The linear operator TW(w) G End (.F {jv} (W[0])) defined by 

n 

T {Ar} (xx?)|ai, . . . ,a n ) = 2J 11 w(Vt-i> a i+i, Oj, fy; • • • , h), 

bi,...,b n 3=1 

where the sum is over admissible delta functions, is called the row-to-row transfer matrix 
of the (finite) restricted interaction-round-a-face model. Considerations, similar to those 
in Section |12.jj| , show that the transfer matrix is well defined, and the transfer matrices 
commute for different values of w, see [|ABF| . 



Let T(w) G End (jF(V|/[0] )) be the transfer matrix of the -E TjT7 (s/ 2 ) module W defined in 
(j95|). Let ip be its Bethe eigenfunction corresponding to a complex number c and a solu- 
tion (ti, ...,t n /2) of the Bethe ansatz equations (0). In this section we always assume that 
e 2c = 1. Let e(w) be the eigenvalue defined in (j5SD, T{w)ip = e(w)if). Let Aip = ip—Sip be 
the corresponding Weyl anti- symmetric eigenfunction of T(w). Let Aip G ^>=o(W^[0]) 
be the restriction of Ai\) to the set C M=0 , Ai[) = Y,\ ai ,...,a n ) {■ A -i ; )\a 1 ,...,a n ) -,a n )- De- 
fine an element A^ {JV} G ^W(W[0]) by 

Ox , . . . , (X n ) . 

adm |ai,...,an) 

where the sum is over all admissible delta functions. 
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Theorem 68. The vector A0 W G ^ JV >(W[0]) is a common eigenvector ( with the 
same eigenvalue ) of all row-to-row transfer matrices T^ N ^{w) of the (finite) restricted 
model, TW(w)AipW = e(w)Aif>W. 

Proof. The Weyl anti-symmetry of Aip gives the relation ( |100| ). The condition e 2c = 1 
implies 

(AiP) lai+N ,..., an+N) = {-l) n ' 2 e c {A^)\ ax _ an) 
for all I ) . The vanishing conditions of Theorem |64] imply 

W)|a 1 ,..,«n> = 

for all bad \a\, a n ). 

Now the Theorem is proved similarly to the proof of Theorem |67] considering the 
function Atp^ and taking the limit of the equation T(w)Aip fl = e{w)Aip fl as \i tends to 
zero. □ 

Remark. The eigenvector Aip^ has an additional symmetry 

WW.*.) = (-l) n/2+1 e c (^)| W _ ai ,... iiV _ ari) . 
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